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The Riemann Hypothesis for Period Polynomials (RHPP) is the assertion
that all the roots of period polynomials of modular forms lie on a circle
centered at the origin.

e Conrey, Farmer and Imamoglu (2013): the odd part of the period
polynomial for any level 1 cusp form has roots on the unit circle.

e EI-Guindy and Raji (2014): extend to the full polynomial

@ Jin, Ma, Ono and Soundararajan (2016): generalized the result for
modular forms of higher levels

e Diamantis and Rolen (2018): conjecture for period polynomials
associated to higher derivatives of L-functions

@ Babei, Rolen and Wagner (2021): analogous result for Hilbert
modular forms on the full Hilbert modular group.
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Modular Forms on SLy(Z)

\ICHETH T EYe s ET I ETR VN SIS = MUATIIENaREH T he Riemann Hypothesis for Period Polynomi April 27, 2021 3/1



Modular Forms on SLy(Z)

Let H denote the upper half plane, i.e.

H={z € C,3(z) > 0}.
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Modular Forms on SLy(Z)

Let H denote the upper half plane, i.e.
H={z € C,3(z) > 0}.

Define the full modular group

F::SLQ(Z):{C Z): a,b,c,deZ, ad—bc:l}.
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Modular Forms on SLy(Z)

Let H denote the upper half plane, i.e.
H={z € C,3(z) > 0}.

Define the full modular group

F::SLQ(Z):{C Z): a,b,c,deZ, ad—bc:l}.

SLy(Z) acts on H in the standard way by Mébius transformations:

ForzECandvz(j 3>6F, y.z:ZiZ
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Definition
A modular form of weight kK € Z on I is a holomorphic function
f . H — C satisfying

o f(yz) = (cz+ d)*f(z) for v = <i 3) el

e f is holomorphic at co (or f(z) = Ziio C(n)e27rin2)_
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Definition
A modular form of weight kK € Z on I is a holomorphic function
f . H — C satisfying

o f(vz) = (cz + d)<f(z2) for v = <i 2) el
e f is holomorphic at co (or f(z) = Zzio C(n)e27rin2).

Remark

For v = —I, f(—Iz) = (—1)f(2); but f(—Iz) = f(z), then non-zero
modular forms must be of even weight.
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Definition
A modular form of weight kK € Z on I is a holomorphic function
f . H — C satisfying

o f(vz) = (cz + d)<f(z2) for v = <i Z) el
e f is holomorphic at co (or f(z) = Zzio C(n)e27rin2).

Remark

For v = —I, f(—Iz) = (—1)f(2); but f(—Iz) = f(z), then non-zero
modular forms must be of even weight.

Definition
If ¢(0) = 0 in the preceding definition (i.e. f vanishes at co), we say that
f is a cusp form.
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We denote by My the space of modular forms of weight k on I', and by Sk
that of cusp forms.
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We denote by My the space of modular forms of weight k on I', and by Sk
that of cusp forms.

Theorem

Let f € Sy with f(z) = >.°°, a(n)e*™"z. Then the Fourier coefficients
a(n) of f satisfy

a(n)=0 <n§> :
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We denote by My the space of modular forms of weight k on I', and by Sk
that of cusp forms.

Theorem

Let f € Sy with f(z) = >.°°, a(n)e*™"z. Then the Fourier coefficients
a(n) of f satisfy

a(n)=0 <n§> :

Corollary
Ifk <0 and f €Sy, then f = 0.

(IS BT T EYe B s EY L EYR OV IYGTE T M UL TSIV T he Riemann Hypothesis for Period Polynomi April 27, 2021 5/1



The Hecke operators T,
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The Hecke operators T,

Definition
For a fixed integer k and any n=1,2, ..., the operator T, is defined on
My by the equation

d—1
P nkil —k nz + bd
(Taf)(2) > d bz;)f <d2 > .

d|n
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The Hecke operators T,

Definition
For a fixed integer k and any n=1,2, ..., the operator T, is defined on
My by the equation

(T.F)(z klzdsz<nz+bd>

Observe that writing n = ad and letting A = (8 Z) we can write

(Taf)(z LN dF(An) == Y aF(Az).

a>1l,ad=n a>1,ad:n
0<b<d 0<b<d
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Theorem
If f has the Fourier expansion at oo

= i c(m)e®™im=
m=0
then -
Taf(z) = Z Yn(m)e?™m?
m=0
where
= % #1e(Z)
d|(n,m)
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Theorem

Iff € My and V = (3‘ ?) €T, then

Taf(Vz) = (vz + 0)K T, f(2).
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Theorem

Iff € My and V = <3 ?) €T, then

Tof(Vz) = (vz + 6)* Tof (2).

Corollary

If f € My then T,f € My. Moreover, if f is a cusp form, then T,f is also
a cusp form.
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Definition

A non-zero function f satisfying a relation of the form
Tof = X(n)f

for some complex scalar A(n) is called an eigenform of the operator T,,.
Moreover, if f is an eigenform for every Hecke operator T,,n > 1, then f
is called a simultaneous eigenform. A simultaneous eigenform is said to be

normalized if ¢(1) = 1, where f(z) =3 >, c(m)e2rimz.
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Definition

A non-zero function f satisfying a relation of the form
Tof = X(n)f

for some complex scalar A\(n) is called an eigenform of the operator T,,.
Moreover, if f is an eigenform for every Hecke operator T,,n > 1, then f
is called a simultaneous eigenform. A simultaneous eigenform is said to be

normalized if c(1) = 1, where f(z) = >.°°_; c(m)e®™™m=.

Theorem

Let k be an even integer and 0 # f € Sy with f(z) = >.>°_ c(m)e?™m2.
Then f is a normalized simultaneous eigenform if and only if

c(me(n) = 2 e ()

d|(n,m)

for all m,n > 1.
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L-functions of Eigenforms
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L-functions of Eigenforms
Definition

If £(z) = c(0) + >_°°, c(n)e®™Z, we define the Dirichlet L-function of f

as .
L(f,s) =" C,(:)
n=1
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L-functions of Eigenforms

Definition
If £(z) = c(0) + >_°°, c(n)e®™Z, we define the Dirichlet L-function of f
as
L(f,s) = i ()
’ N n=1 i

Proposition

If f € Sk, then its L-function L(f,s) converges absolutely for R(s) > 1+ %.
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L-functions of Eigenforms

Definition
If £(z) = c(0) + >_°°, c(n)e®™Z, we define the Dirichlet L-function of f
as

S~ <(n)

L(F,s) =
( ’S) Z ns

n=1 )

Proposition

If f € Sk, then its L-function L(f,s) converges absolutely for R(s) > 1+ %.

Theorem
If f is a normalized Hecke eigenform, then

1
L(f,s) = H 1—c(p)p—s + pk—1-2s°

p prime
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Definition
For f € Sk, define the completed L-function A(f,s) of f by taking the
Mellin transform of f along the upper imaginary axis i.e.

A(F,s) = /O " Fiy)y 1 dy.
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Definition
For f € Sk, define the completed L-function A(f,s) of f by taking the
Mellin transform of f along the upper imaginary axis i.e.

A(F,s) = /O " Fiy)y 1 dy.

Theorem
We have r(s)
s
A(f,s) = wL(ﬁS)
for R(s) > 1+ &, where ['(s = [y e Yy tdy is the Euler gamma
function.
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Theorem

A(f,s) extends holomorphically to the complex plane and satisfies the
functional equation

A(f,s) = e(f)N(f, k — s)
for all s € C, where ¢(f) = £1.
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Theorem

A(f,s) extends holomorphically to the complex plane and satisfies the
functional equation
A(f,s) =e(F)N(f, k —s)

for all s € C, where ¢(f) = £1.

Corollary

If f € Sk and k =2 (mod 4), then \(f, %) = 0= L(f, %).
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Theorem

A(f,s) extends holomorphically to the complex plane and satisfies the
functional equation
A(f,s) =e(F)N(f, k —s)

for all s € C, where ¢(f) = £1.

Corollary

If f € Sk and k =2 (mod 4), then \(f, %) = 0= L(f, %).

Corollary |

L(f,s) extends to a holomorphic function on C and satisfies the functional
equation
(27T)k_5
Mk —s)

(2m)°

L(f,s) =ik o)

L(f, k—5)
for all s € C.
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Period Polynomials

\ICHETH T ET s ETO I ETR VAN SIS EMUATIIENaREH T he Riemann Hypothesis for Period Polynomi April 27, 2021 13/1



Period Polynomials
Definition

For X € C and a cusp form f € S, we define the period polynomial of f
by the integral transformation

re(X) = /0 (2= X)2(2) d.

(I T EYe s ETO I ETR PN SIS E MUATIIENaREH T he Riemann Hypothesis for Period Polynomi April 27, 2021 13/1




Period Polynomials

Definition

\
For X € C and a cusp form f € S we define the period polynomial of f
by the integral transformation

re(X) = / (z — X)"2F(2) dz
0
Theorem
For f € S, and X € C we have

k—2

=5 (7 2) e nsa

n=0

_ Z_;, (k - 2>X’(—i)"”1/\(f, k—n—1).
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Corollary
For f € S and X € C we have

D (k=2 L(Ff k—n—1)_,
rf(X):_z_(:)( i : ((27ri)k”1 b
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Corollary
For f € S and X € C we have

»
I\)

2 (k=21 L(f, k—n—1)
r(X) == n! (2mi)k—n-1 X"

S
Il
o

Theorem
Let f € S and X € C. Then the period polynomial of f satisfies

; 1
re(X) = —ike(F)X*2r (- X).
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Corollary
For f € S and X € C we have

»
I\)

2 (k=21 L(f, k—n—1)
r(X) == n! (2mi)k—n-1 X"

S
Il
o

Theorem
Let f € S and X € C. Then the period polynomial of f satisfies

; 1
re(X) = —ike(F)X*2r <— X).

This “self-inversive” property of the period polynomial, shows that if p is a
zero of r¢(X) then so is —2; and so the unit circle is a natural line of
symmetry for the period polynomials.
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The Case of the Full Modular Group
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The Case of the Full Modular Group

Definition
A polynomial P(z) = 27:0 ciz' of degree d is said to be self-inversive if it
satisfies

P(z) = ezdls(l)

z

for some constant ¢ of modulus 1, where P(z) := Z,d:o z' and the bar
denotes complex conjugation.
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The Case of the Full Modular Group

Definition

A polynomial P(z) = 27:0 ciz' of degree d is said to be self-inversive if it
satisfies

P(z) = ezdl5(1>

z

for some constant ¢ of modulus 1, where P(z) := Z,c'i:o z' and the bar
denotes complex conjugation.

Lemma

Let h(z) be a nonzero polynomial of degree n with all its zeros in |z| < 1.
Then for d > n and any \ with |\| =1, the self-inversive polynomial

P (z) = 297 "h(z) + Az”ﬁ(%)

has all its zeros on the unit circle.

(IS BT T EY B s EY L EY AN IYGTE T M UL TSIV T he Riemann Hypothesis for Period Polynomi April 27, 2021 15/1



For w = k — 2 € 2N, we have

re(X) = —(2;)!%1 Z)L(f, w— 1) X"

n!
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For w = k — 2 € 2N, we have

re(X) = —(QJV)!WH E)L(f, w— 1) X"

n!

For convenience, we consider the polynomial with real coefficients

mi)wtl ~ aX)"
pe(X) = —szlrf <X> => L(fw—n+ 1)(2:|<).
! — !
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For w = k — 2 € 2N, we have

re(X) = —(QJV)!WH Z;)L(f, w—n+ 1)(2”’X)".

n!

For convenience, we consider the polynomial with real coefficients

pr(X) = —er <X> => L(fw—n+ 1)M.

n!
n=0

Proposition

pr(X) is self-inversive and can be written as

pr(X) = 4r(X) + X" ¢ (5

where

(2rX)"
n!

(2r X )W/?

41
22 1
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Therefore, r¢(X) would have all its zeros on |z| = 1 if and only if g¢(X)
has all its zeros in |z| < 1.
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Therefore, r¢(X) would have all its zeros on |z| = 1 if and only if g¢(X)
has all its zeros in |z| < 1.

Lemma

Let f € Sy be a normalized Hecke eigenform and let L(f,s) be its
associated L-function. Then, for s > 3k/4, we have

IL(f,s) —1] <5 x 27 K/4

and, for s > k/2, we have

L(f,s) <1+ 4Vklog(2k).
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Therefore, r¢(X) would have all its zeros on |z| = 1 if and only if g¢(X)
has all its zeros in |z| < 1.

Lemma

Let f € Sy be a normalized Hecke eigenform and let L(f,s) be its
associated L-function. Then, for s > 3k/4, we have

IL(f,s) —1] <5 x 27 K/4

and, for s > k/2, we have

L(f,s) <1+ 4Vklog(2k).
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Let
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Let

n:

Hm(Z) _ Z (27:)nszn'
n=0

Proposition

For m > 25, Hpn(z) has all its m zeros in |z| < 1.
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Let

n:

Hm(Z) _ Z (27:)nszn'
n=0

Proposition

For m > 25, Hpn(z) has all its m zeros in |z| < 1.

Theorem

If f € Sy is a Hecke eigenform, then r¢(X) has all its zeros on the unit
circle.
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Let

Proposition
For m > 25, Hpn(z) has all its m zeros in |z| < 1.

Theorem |

If f € Sy is a Hecke eigenform, then r¢(X) has all its zeros on the unit
circle.

Proof.
Put m = k/2 —1 = w/2, then for k large enough and |X| =1
|qr(X) = Hm(X)| < [Hm(X))]

It follows from Rouché’s theorem that gf(X) has the same number of
zeros as Hp,(X) inside the unit circle. O |
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Modular Forms on Congruence Subgroups

\VICHETH T EYe s ET I ETR PN SIS = MUATII AR The Riemann Hypothesis for Period Polynomi April 27, 2021 19/1



Modular Forms on Congruence Subgroups

The principle subgroup of SLy(Z) of level N € N is given by

r(N) = { <j 2) € SLy(Z) : (j Z) = (é (1)> mod /\/}.
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Modular Forms on Congruence Subgroups

The principle subgroup of SLy(Z) of level N € N is given by

r(N) = { <j 2) € SLy(Z) : (j Z) = (é (1)> mod /\/}.

Note that (1) = SL»(Z).

(IS BT T EYe B s BT L EY AN IYGIE T M UL TSIV T he Riemann Hypothesis for Period Polynomi April 27, 2021 19/1



Modular Forms on Congruence Subgroups

The principle subgroup of SLy(Z) of level N € N is given by

r(N) = { <j 2) € SLy(Z) : (j Z) = (é (1)> mod /\/}.

Note that (1) = SL»(Z).
Definition

A congruence subgroup is a subgroup of SLy(Z) that contains I'(N) for
some N € N.
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Modular Forms on Congruence Subgroups

The principle subgroup of SLy(Z) of level N € N is given by

r(N) = { <j 2) € SLy(Z) : (j Z) = (é ?) mod /\/}.

Note that (1) = SL»(Z).
Definition

A congruence subgroup is a subgroup of SLy(Z) that contains I'(N) for |
some N € N.

We are interested in the congruence subgroup

Fo(N) == { (i 2) € SLy(Z):c=0 mod N}.
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Definition
Let G be a congruence subgroup and o € G. Then « is said to be
parabolic if |tr(«a)| = 2.
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Definition
Let G be a congruence subgroup and @ € G. Then « is said to be
parabolic if |tr(«a)| = 2.

Definition

A cusp of a congruence subgroup G is an element z € RU {oo} which is
fixed by a parabolic element « of G, i.e. da € G parabolic such that

oz =z.

\ICHETH T EYe s ETO I ETR PN SIS = MUATII AR The Riemann Hypothesis for Period Polynomi April 27, 2021 20/1



Definition
Let G be a congruence subgroup and @ € G. Then « is said to be
parabolic if |tr(«a)| = 2.

Definition

A cusp of a congruence subgroup G is an element z € RU {oo} which is
fixed by a parabolic element « of G, i.e. da € G parabolic such that

oz =z.

Definition
A modular form of weight k € Z and level N is a holomorphic function
f : H — C satisfying:

o f(vz) = (cz + d)*f(z) for v = (j 2) € lo(N)

e f is holomorphic at all the cusps of 'o(N).
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Definition
Let G be a congruence subgroup and @ € G. Then « is said to be
parabolic if |tr(«a)| = 2.

Definition

A cusp of a congruence subgroup G is an element z € RU {oo} which is
fixed by a parabolic element « of G, i.e. da € G parabolic such that

oz =z.

Definition
A modular form of weight k € Z and level N is a holomorphic function
f : H — C satisfying:

o f(vz) = (cz + d)*f(z) for v = (j 2) € lo(N)

e f is holomorphic at all the cusps of 'o(N).

We denote by M (I'o(N)) the space of modular forms of weight k and
level M.
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If f € Mi(To(N)), then f has a Fourier expansion

i .
f(z) =) a,e™™™.
n=0
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If f € Mi(To(N)), then f has a Fourier expansion

i .
f(z) =) a,e™™™.
n=0

Definition
If f € Mc(To(N)) and f(z) — 0 as z tends to any cusp, then f is said to
be a cusp form and we write f € S, (lo(N)).
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If f € Mi(To(N)), then f has a Fourier expansion

i .
f(z) =) a,e™™™.
n=0

Definition
If f € Mc(To(N)) and f(z) — 0 as z tends to any cusp, then f is said to
be a cusp form and we write f € S, (lo(N)).

A form f € 5¢(F'o(N)) is a newform if it is a normalized eigenform which
cannot be constructed from modular forms of lower levels M dividing N.
The other forms are called oldforms. These oldforms can be constructed
using the following observations: if M | N then 'g(N) C ['o(M) giving a
reverse inclusion of modular forms My (Io(M)) C M(To(N)).
The space of newforms of level N is denoted by S (I'o(N)).
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Let k be even and f € S (To(NV)).
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Let k be even and f € S)*¥(T'g(N)). Associated to f is its L-function

n

L(f,s) = Z a(:) = H (1—a(p)p~° + lN(p)pk—1—25)—1
n=1

p prime

where 1y(p) is 1 when p{ N and is 0 when p | N.
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Let k be even and f € S)*¥(T'g(N)). Associated to f is its L-function

L(f,s) = Z ar(:) = H (1—a(p)p~° + 1n(p)pk125)1
n=1 p prime

where 1y(p) is 1 when p{ N and is 0 when p | N.
Its completed L-function is defined by

A(f,s) = Ns/z/() f(iy)y**dy
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Let k be even and f € S)*¥(T'g(N)). Associated to f is its L-function

1.9 = 3% < T (- ato 1t

n=1 p prime

where 1y(p) is 1 when p{ N and is 0 when p | N.
Its completed L-function is defined by

A(f,s) = Ns/z/() f(iy)y**dy

satisfying, as before,

N(f,s) = (g) F(s)L(f,s)

and the functional equation
N(f,s) = e(F)N(f, k —s),

with €(f) = +1.
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The period polynomial associated to f is the degree k — 2 polynomial

re(z) = /OIOO f(r)(r — z)k*2 dr.
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The period polynomial associated to f is the degree k — 2 polynomial

re(z) = /OIOO f(r)(r — z)k*2 dr.

Theorem

The period polynomial of f satisfies

k—2
re(z) = i*IN"'T > (k B 2> (VNiz)"N(f, k —1 — n).

n
n=0
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The period polynomial associated to f is the degree kK — 2 polynomial

re(z) = /0'00 f(r)(r —z)k 2 dr.

Theorem
The period polynomial of f satisfies

k—2
re(z) = i*IN"'T > <k ) 2> (VNiz)"N(f, k —1 — n).

n
n=0

Corollary
The period polynomial of f further satisfies

(k —2)1 2 (2riz)"

(2mi)k-1 —~ nl

re(z) = — L(f,k—n—1).
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Zeros of Period Polynomials
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Zeros of Period Polynomials

For f € Sp*V(To(N)), put m = % and define

ey = 5 (T )ae )+ 3 (2 )k i

Jj=1
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Zeros of Period Polynomials

For f € Sp*V(To(N)), put m = % and define

ey = 5 (T )ae )+ 3 (2 )k i

Jj=1

Proposition
The period polynomial of f satisfies

rr <,\ZFN> = I ()2 (Pe(2) + e(f)PfG)).
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Zeros of Period Polynomials

For f € Sp*V(To(N)), put m = % and define

Pr(z) = ;(2,:) A(f, g) +> (jfj) A(f, g +4)7.

Jj=1

Proposition
The period polynomial of f satisfies

rr (I\Zm> = I ()2 (Pe(2) + e(f)PfG)).

Therefore, r¢(z) would have all its zeros on |z| = 1/+/N if and only if
P¢(z) 4+ €(f)Pr(1/z) has all its zeros on the unit circle.
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Lemma

Let f € S”e""( o(N)). Then the function A(f,s) is monotone increasing
for s 2 + 2 Moreover, we have

k k
<A(f, =+

<A(f, =

k
1) SA(f,5+2) <

If (f) = —1, then A(f, %) =0 and

0</\(fk+1)< /\(f 5+2) %/\(f 5+3)<
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Lemma |

Let f € SP*¥(To(N)). Then the function A(f,s) is monotone increasing
for s > g + % Moreover, we have

k k k
0<A(f.5) SA(F 5 +1) SA(F, 5 +2) < ...

If (f) = —1, then A(f, %) =0 and

k

1 k 1 k
< - <= - <
0_/\(f,2+1)_2/\(f,2+2)_

- = <...
3/\(f,2—i—3)_

Proof.

We can write

A(f,s) = eAT5s (1—S>e5/p
(f,s) 1;[ p
where the product is over all the zeros of A(f,s). O |
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Lemma

If f € SP*¥(Fo(N)) and 0 < a < b, then

L(f,“5* + a)
L(f, “5* + b)

C(1+a)?
¢(1+b)?

where ((s) = > .2, n~° is the Riemann zeta function.

IA
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Lemma

If f € SP*¥(Fo(N)) and 0 < a < b, then

L(f,%#—a) - ¢(1+ a)?
L(f, KL 4+ b) = ((1+b)?

where ((s) = > .2, n~° is the Riemann zeta function.

Proof.
We have that

< i
and
_7(f s) = Z /\;(”)
n=1
where [Af(n)] < 2n%/\(n). O
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Theorem
For k =4, Pr(z) + e(f)Pf(1/z) has all its zeros on the unit circle. J
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Theorem
For k =4, Pr(z) + e(f)Pf(1/z) has all its zeros on the unit circle.

Proof.

Here m = (k — 2)/2 =1, so Pr(z) = A(f,2) + A(f,3)z.

If €(f) = —1, then the roots of Ps(z) — Ps(1/z) = N(f,3)(z — 1/z) are at
z = 41, which lie on the unit circle.

If €(f) = 1, then for z = e on the unit circle, P¢(z) + P¢(1/z) =
2A(F,2) + A(f,3) (e + e=%) = 2A(f,2) + 2A(f, 3) cos(f), which vanishes
when cos(f) = —A(f,2)/A(f,3). But, A(f,2) < A(f,3), and so the
equation has two solutions for 6 € [0, 27). O]
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Theorem

For k =6, Pr(z) + €(f)P¢(1/z) has all its zeros on the unit circle.
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Theorem

For k =6, Pr(z) + €(f)P¢(1/z) has all its zeros on the unit circle.

Proof.
If e(f) = —1, we do the same as above.

If e(f) = 1, letting z = e/’ we have

1

P¢(z) + Ps <z> = 6A(f,3) + 8A(f,4) cos O + 2/A(f, 5) cos 26.

We want to show this has two zeros in [0, 7) and thus four zeros in
[0,27). Note that

q [Pf(eig) + Pf(e_"e)} = —8sinO(A(f,4) + \(f,5) cos ),

do
we have critical points at 0,7 and the solution 6y € [0, 7) to
cost) = —X75)-
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Proof. |

To get two roots in [0, 7) we need Pf(e®) + Pr(e="%) to be positive at

60 = 0 and 7 and negative at 6 = 6y. At

0 =0, Pr(e) + Pr(e™") = 6A(f,3) + 8A(f,4) + 2A(f,5) > 0. Positivity
at # = 7 is equivalent to

A(f,5) + 3A(f,3)+ > 4A(f,4)
while negativity at 6 = 6 is equivalent to
A(f,5)% 4 2A(f,4)* < 3A(f,3)A(f,5).

We show these inequalities using a clever application of the Hadamard
formula from earlier. O
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We have for z = e'?

Pr(z) + Pf(b = <2m)/\(f, g) + 2zm: ( 2mj>/\(f, g +J) cos(j0),

Pe(z) — Pf(l) = 2Zm: ( 2mj> A(f, g +J)sin(j0).
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We have for z = e'?

Pr(z) + Pf(b = <2m)/\(f, g) + 2zm: ( 2mj>/\(f, g +J) cos(j0),

m = m+
and
1 "\ ([ 2m koo
Pr(z) — Pf(;) - 2,; (m +j> A(F. 5 +J)sin(j0).
Theorem
For 8 < k <14, P¢(z) + e(f)Ps(1/z) has all its zeros on the unit circle. J
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We have for z = ef?

Theorem
For 8 < k <14, P¢(z) + e(f)Ps(1/z) has all its zeros on the unit circle.

Proof.

Using classical work of Pélya and Szegd on trigonometric polynomials,
together with our lemmas, the result is true if

27 2¢(j+1/2)
N (k/z == 1) CG+3/2)%
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Proof.

For any given k, we can compute this bound. Thus, for k = 8 it suffices to
take N > 142; for k = 10 it suffices to have N > 64; for k = 12 it suffices
to have N > 45; for k = 14 it suffices to have N > 42. We can use PARI
to check for those newforms not covered by this bound for weights

8 < k<14,

Ol

31/1
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Proof.

For any given k, we can compute this bound. Thus, for k = 8 it suffices to
take N > 142; for k = 10 it suffices to have N > 64; for k = 12 it suffices
to have N > 45; for k = 14 it suffices to have N > 42. We can use PARI
to check for those newforms not covered by this bound for weights

8 < k<14 Ol

Remark |

Eventually, the inequality cannot furnish a bound better than 4x2 for N,
and so we must turn to another approach for large k and small N.
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Proposition
P¢(z) can be written as

2m+1
Ps(z) = (2m)! (g) L(f,2m+1)Q¢(2)

where

m—

Z

( 27 ) L(Z(?Z+1I)J)
m+

1

«j!

< >2m+1 A(f, &)
L(f,2m+1)
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Proposition

P¢(z) can be written as

2m+1
Ps(z) = (2m)! (g) L(f,2m+1)Q¢(2)

where

~— 1/ 2 VL(f,2m+1—})
JZJ( ) L(f,2m +1)
1 o \ 2™ A(F, K)

+ o2 <m> [(F.am+1)

Therefore, we need to study the zeros of

(@ +anar(?)).
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But, note that
1
Qr(2) - of(z> ~23(0r(2)

and

Qr(2) + Qr C) — 20(@r(2).
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But, note that
1
Qr(2) - Qf(z> = 23(Qr(2))

and

Qr(2) + Qr C) — 20(@r(2).

Theorem

For k > 16, the real and imaginary parts of Q¢(z) have all their zeros on
the unit circle.
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Algebraic Detour
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Algebraic Detour

Let Q € K C C be a field.
We can consider K as a vector space over Q.
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Algebraic Detour

Let Q € K C C be a field.
We can consider K as a vector space over Q.
K is called an algebraic number field if the dimension of this vector space

is finite. This dimension is called the degree of K.
The smallest K which contains a is denoted by

K = Q(a).
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An embedding of a number field K in C is an injective field
homomorphism of K into C.
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An embedding of a number field K in C is an injective field
homomorphism of K into C.
Theorem

Let K be a number field of degree n. Then there are exactly n different
embeddings of K in C.
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An embedding of a number field K in C is an injective field
homomorphism of K into C.

Theorem

Let K be a number field of degree n. Then there are exactly n different
embeddings of K in C.

We usually arrange the embeddings in a certain order and denote them by

K — KUY ccC

a—>a(j), j=1...,n
We put the n embeddings together into a single Q-linear injective mapping

K—C" a—(a®,a® . o).
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An embedding of a number field K in C is an injective field
homomorphism of K into C.

Theorem

Let K be a number field of degree n. Then there are exactly n different
embeddings of K in C.

We usually arrange the embeddings in a certain order and denote them by

K — KUY ccC

a—>a(j), j=1...,n
We put the n embeddings together into a single Q-linear injective mapping
K—C" a—(a®,a® . o).

An embedding is called real if its image is contained in R. K is called
totally real if it admits only real embeddings.
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The trace and norm of an element a € K over Q are given, respectively, by

Tr(a) = Trxg(a) = Za(j), N(a) = Nk g(a) HaU)

j=1
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The trace and norm of an element a € K over Q are given, respectively, by

n n

Tr(a) = Trxg(a) = Za(j), N(a) = Nk g(a) = Ha(j).

j=1 j=1

Definition

Let K be an algebraic number field. The ring of integers of K is defined as
Ok =K ﬂZ,

where Z is the algebraic closure of Z.
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The trace and norm of an element a € K over Q are given, respectively, by

n n

Tr(a) = Trxg(a) = Za(j), N(a) = Nk g(a) = Ha(j).

j=1 j=1
Definition
Let K be an algebraic number field. The ring of integers of K is defined as
Ok =K ﬂZ,

where Z is the algebraic closure of Z.

Theorem

Let K be a number field of degree n. Then O is a free Z-module of rank
n.
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Write Ok = (a1, a2,...,ap)z and let

agl) a§2) agn)

o
A=

NORNCR ()

Then the discriminant Dk of K is given by Dx = (detA)?.
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A subset a C K is called an ideal of K if a is an Og-submodule of K.
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A subset a C K is called an ideal of K if a is an Og-submodule of K.
An ideal a is said to be integral if a C Ok.
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A subset a C K is called an ideal of K if a is an Og-submodule of K.
An ideal a is said to be integral if a C Ok.
We define the Norm of an integral ideal a as

N(a) := |Ok/al.
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Hilbert Modular Forms

Let K be a totally real number field of degree n.
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Hilbert Modular Forms

Let K be a totally real number field of degree n.
If we attach to the matrix

M = <j Z) € GLy(K)

the tuple (My, ..., M,) where

G)  pli)
a .
Mj:(c(f) d(ﬂ)’le’”"n

we obtain an embedding of groups

GL2(K) — GLQ(R)”.
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The group

GLS (K) = {7: <i 3) € GLy(K) : dety; >0 for j = 1,...,n}

acts on H" by coordinate linear fractional transformations, i.e. for
z=(z1,...,2,) e H"

cWzy +d0)7 77 c(n)z, 4 d(n)

(a(l)zl PRI b(n)>
z = vz = (vizi)i =
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The group

GLS (K) = {7: <i 3) € GLy(K) : dety; >0 for j = 1,...,n}

acts on H" by coordinate linear fractional transformations, i.e. for
z=(z1,...,2,) e H"

(a(l)zl PRI b(n)>
z = vz = (vizi)i =

cWzy +d0)7 77 c(n)z, 4 d(n)
We define the full Hilbert modular group to be

[k == GL} (Ok).
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Definition
A holomorphic function f : H” — C is called a holomorphic Hilbert
modular form of weight (ki, k2, ..., kn) € Z" for Tk, if for all

a b
<C d>€FK

n ) ki
f(v2) = [] det(r) /2 (D2 + dD) " £(z).
i=1
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Definition
A holomorphic function f : H” — C is called a holomorphic Hilbert
modular form of weight (ki, k2, ..., kn) € Z" for Tk, if for all

a b
<C d>€FK

n ) ki
f(vz) = [ det(y) /> (c('>z,- + d(')) f(2).
i=1

If kf = ko =--- =k, := k then f is said to have parallel weight, and is
simply called a holomorphic Hilbert modular form of weight k € Z.
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Definition
A holomorphic function f : H” — C is called a holomorphic Hilbert
modular form of weight (ki, k2, ..., kn) € Z" for Tk, if for all

a b
<C d>€FK

n ) ki
f(vz) = [ det(y) /> (c('>z,- + d(')) f(2).
i=1

If kf = ko =--- =k, := k then f is said to have parallel weight, and is
simply called a holomorphic Hilbert modular form of weight k € Z.

We denote the space holomorphic Hilbert modular forms of weight k on
'k by Mi(I'k). Moreover, If f € My (T k) vanishes at the cusps of 'k, we
call it a cusp form and denote this space by Sk(I'k) as usual.
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f € 5k(I'k) has an associated L-function given by

_ a(n)
L(f,s) = n;}( ()
ns£0
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f € 5k(I'k) has an associated L-function given by

If U= (Oj)+ then letting f(z) = f(z1,...,25), N(z) =2z ...z, and
dz = dz; ... dz,, we can define the completed L-function by

- j s—1
A= [ RN ay
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f € 5k(I'k) has an associated L-function given by

N (n)s
neOgk )
n#0

If U= (Oj)+ then letting f(z) = f(z1,...,25), N(z) =2z ...z, and
dz = dz; ... dz,, we can define the completed L-function by

- j s—1
A= [ RN ay

which satisfies

A(f,s) = <(27r)”> F(s)"L(f,s) (1)
and the functional equation
A(f,s) =e(F)N(f, k —s)

where €(f) € {£1}.
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We further define the period polynomial of a parallel weight k Hilbert
modular eigenform f as
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We further define the period polynomial of a parallel weight k Hilbert
modular eigenform f as

re(X) == / f(T)(N(T) — X)k~2 dr.
i(Ry)"/U)

In analogy with the classical case,

Theorem

The period polynomial r¢ of f satisfies

k—2

re(X) =Y (-1t <k ; 2) XN(F, k —0—1).

=0

~
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Zeros of Period Polynomials
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Zeros of Period Polynomials

let K be a number field of degree n and f be a parallel weight k Hilbert
modular eigenform.
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Zeros of Period Polynomials

let K be a number field of degree n and f be a parallel weight k Hilbert

modular eigenform. Put m := % and define
1/2m ke <[ 2m k .
Pr(X) == A(f, = N —+j)X
CEH (,2)+J§;(m+j) (r.5+))
and )
X) = X).
XX = xF2m )
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Zeros of Period Polynomials

let K be a number field of degree n and f be a parallel weight k Hilbert

modular eigenform. Put m := % and define
1/2m ke <[ 2m k .
Pr(X) == A(f, = N —+j)X
CEH (,2)+J§;(m+j) (r.5+))
and )
X) = ——P(X).
XX = xF2m )
Proposition

re(i"T2X) is self-inversive and can be written as

re(i"2X) = i"CTDE(F)A(F, 2m + D)X | Qe(X) + €(F)Qr <)1<>] .
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Zeros of Period Polynomials

let K be a number field of degree n and f be a parallel weight k Hilbert

modular eigenform. Put m := % and define
1/2m ke <[ 2m k .
Pr(X) == A(f, = N —+j)X
CEH (,2)+J§;(m+j) (r.5+))
and )
X) = ——P(X).
XX = xF2m )
Proposition

re(i"T2X) is self-inversive and can be written as

re(i"2X) = i"CTDE(F)A(F, 2m + D)X | Qe(X) + €(F)Qr <)1<>] .

Then, re(X) would have all its zeros on the unit circle if and only if Qf(X)
has all its zeros inside the unit circle.
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Theorem

For k =4 and k = 6, P¢(X) + €(f)Pr(1/X) has all its zeros on the unit
circle.
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Theorem

For k =4 and k =6, Pr(X) + e(f)Pr(1/X) has all its zeros on the unit
circle.

For large weights, we compare Q¢(X) to X™ and use Rouchés Theorem to
show Qf(X) has all its zeros inside the unit circle.
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Theorem

For k =4 and k =6, Pr(X) + e(f)Pr(1/X) has all its zeros on the unit
circle.

For large weights, we compare Q¢(X) to X™ and use Rouchés Theorem to
show Qf(X) has all its zeros inside the unit circle.
On |X| =1, we show |Q¢(X) — X™| < T,(m) where

i A (S5 3

3 () () ()
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Therefore, we need to show that T,(m) < |X™| =1 for n > 2 and m big
enough.
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Therefore, we need to show that T,(m) < |X™| =1 for n > 2 and m big
enough.

The numbers T,(m) are decreasing as n increases because each individual
term is decreasing.
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Therefore, we need to show that T,(m) < |X™| =1 for n > 2 and m big
enough.

The numbers T,(m) are decreasing as n increases because each individual
term is decreasing.

We show that T,(m) is also decreasing in m. Therefore, once we have
Ta(mg) < 1 for some myg, we then automatically get that T,(m) < 1 for
any n > 2 and m > mg. We do this by showing T,(m+1) — T,(m) < 0.
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Thank You!
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