We decompose the Hecke L-series according to the classes C of
the ideal class group
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and deduce a functional equation for those.



We have the following bijection

(ENO)/O* = {ac C: aintegral}

given by
a0* — (a),

where € € F*/F* corresponds to the class C € CL(F) with
respect to the isomorphism

CL(F) ~ F*/F*
given by

Vr
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Using this, and the fact that
Nm(a) = Nm((a)) = [N(a)],

we can write

x((a))
L(C,x,s) =
2. NG
where R is a system of representatives of
(EN0O)/0*.

We want to write this function as a Mellin Transform to be able to
use the following result:



(Neukirch, Theorem (1.4) of Chapter 7)

Let f,g : Rso — C be continuous functions such that

f(y) = a0+ O(e¥") and g(y) = by + O(e™ ")

as y — oo, with positive constants c, «. If these functions satisfy
the equation

f(i) — Gl

for some k € R~g and C € C*, then we get that the integrals
M(f,s) and M(g,s) have analytic continuation to C\ {0, k}, and
they satisfy the functional equation

M(f,s) = CM(g, k — s).




Define for s € C the following
d
e = [ Mery) Y.
Fr,+ y

N(C, X, ) = (IdeIN(m))*/2N(x /)T £ (s/2)L(C, x; )

and
0(C.x.2)= > xela)N(a")e™ 2=/ Imdla)

ac€nd

with m,d € O s.t. m = (m) and 2 = (d).



ANC,x,s) = M(f,s)

where

w

() = £(C,x, 1) = <D /B N /2)0(C, x, ixt ") dx,

w is the number of roots of unity in F, s’ = (s + Tr(u — iv)/n),
and c(x) = N(|md|~u+)1/2,

W(x) = [iTr(V)N ((%))V] B TE\T(;)‘),

T(Xf) — Z Xf(X)eZTriTr(x/md)

x (mod m)

Define

where



Notice that |W(x)| = 1.

The function N(x, s) defined for Re(s) > 1 admits analytic
continuation to

C\{Tr(—u+iv)/n, 1+ Tr(u+ iv)/n}
and satisfies the functional equation
A(xs) = WOOA(R, 1 — ).

Ifm#1 oru#0, it is holomorphic on all of C.




