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ABSTRACT. We introduce a framework for studying quantitative equidistribution problems for
general functions applied to a multi-dimensional sequence. Our approach involves proving a higher-
dimensional, p-analogue of the Erdés—Turan inequality, and utilizing the theory of the Hardy—Krause
(H-K) variation from analysis. In particular, we develop a method to approximate a broad class
of functions by ones of bounded H-K variation. As applications, we obtain new effective vertical
Sato—Tate results for arithmetic relations and, more generally, for multivariate functions of Fourier

coefficients of several modular forms and Frobenius traces of multiple elliptic curves over finite fields.
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1. INTRODUCTION AND MAIN RESULTS

Let Si(IV) denote the space of cusp forms of weight k£ and level I'g(/N) and let p be a prime
number. For a Hecke eigenform f € Sj;(NN), its Fourier coefficients a,(f) are the eigenvalues of the
Hecke operators Tp,(N, k). From Deligne’s seminal work [18], we know that the eigenvalues a,(f) lie
in the interval [—2p%,2pk2;1]. If we fix f and vary the prime p, it is interesting to ask how the

normalized eigenvalues

&p(f) = Qp%

are distributed in [—1,1]. This is predicted by the Sato—Tate conjecture, which states that a,(f)

(for f non-CM) is equidistributed in [—1, 1] with respect to the Sato-Tate measure
2
pst(z) = =v1—22dx.
T

This conjecture was recently settled after a considerable amount of work by many people, culminating
in the papers [3, 11, 48].
Instead of fixing an eigenform f and varying over primes p, we can also fix a prime p and vary

over the forms f;, 1 <i < d as d — oo, where d is the dimension of the space Sy (V) of size

dkaH<1+1>, (1)

p|N b

and {fi}1<i<q is a Hecke eigenbasis of Si(NN). This problem was first addressed by Sarnak in
the context of Maass forms [44], and by Serre [45] and Conrey—-Duke—Farmer [17] in the context
of classical modular forms. It is now known as the “vertical” Sato—Tate problem. Denoting by

ap(t) = ap(fi), the theorem of Serre states the following:



DISTRIBUTION LAWS FOR TRANSFORMED HECKE EIGENVALUES 3

Let N, k be positive integers such that k is even, and p { N. For any [o, 8] C [—1,1], as k+ N — oo,

ap(t g
Cli#{lﬁiﬁd? ngl G[a,ﬁ]}w/ Hps (2)

2p 2

we have

where
2(p+1) V1—2a?

T (pr4p2)?— da?
The measure 1, is the p-adic Plancherel measure and it is the same measure Sarnak obtained in his

pp(x) = dx. (3)

analogous theorem for Maass forms [44, Theorem 1.2]. This measure also appears in connection
with eigenvalues of certain graphs, as it is the spectral measure of the nearest-neighbor Laplacian on
a p+ 1 regular tree (see [31] and [32]). It is worth noting that p, — pugr as p — oo, which explains
the notation of us for pgr by many authors.

M. R. Murty and Sinha [36] improved Serre’s result by obtaining an effective error term of

O (lolgo(%’v)) in (2). A joint version of (2) was then studied by Lau and Wang in [28], where they

also obtained an effective error.

As for the “horizontal” Sato—Tate results mentioned at the beginning (fixing a modular form or
elliptic curve and varying over primes), an error term was first obtained by V. K. Murty [39] in the
case of elliptic curves and by Rouse and Thorner [42] in the case of modular forms. Both results
require assuming the Generalized Riemann Hypothesis (GRH) for the symmetric power L-functions
associated with the elliptic curves or modular forms. A joint version for the elliptic curves case was
initially posed as a question independently by Katz and Mazur (see [21]), and was proved by Harris
[21] in the two dimensional case (see also [35]), with an error term later established by Bucur and
Kedlaya [8] under GRH for Rankin—Selberg convolutions of symmetric power L-functions associated
to elliptic curves. A joint version for the modular forms case can be found in the work of Wong [51]
in the two dimensional case, with an unconditional effective error term obtained by Thorner [49].

In this paper, we consider the distribution of arithmetic relations, and more generally, multivariable
functions applied to Hecke eigenvalues, in a vertical setting. That is, for Fourier coefficients of cusp
forms, we fix a prime and vary forms over n spaces, or we fix n primes and vary over one space; and
for Frobenius traces of elliptic curves over finite fields, we consider families of all curves over F,, and
then take p — oo. Note that the growing parameters for modular forms are the the dimensions of
the spaces (i.e. the levels and the weights), but for elliptic curves over F), it is the prime p.

We start by defining a very general class of functions on R™ that our results work for. This includes
most typical functions of interest. For example: continuous functions, piecewise-continuous functions,
functions of bounded higher dimensional variations (see Appendix A for a piecewise-continuous

function in R? that is not of bounded Hardy-Krause variation, but is relevant to us).
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Definition 1.1. Let n > 1 be an integer. Let J C R be a closed interval and F' a real-valued

function on [—1,1]". We say (F,J) is a good pair if the following two conditions hold:

(1) F~1(J) is Lebesgue measurable;
(2) For any ly,...,l, € Zg, given a partition of [—1,1]" by H;LZI l; boxes B, each of size
% X % X e X %, we have that both F~1(J) and [~1,1]"\F~!(J) can be partitioned by

Op (Z?Zl lj>—rnany larger (or equal) boxes composed of the original boxes B.

Condition (2) of Definition 1.1 is somewhat technical, but it turns out this is the least sufficient
condition we need to make Lemma 5.1 and the proceeding arguments in Section 5.2 work. Note
that if we can partition F~!(J) and [—1,1]"\F~!(.J) with less boxes, then the error terms in our
theorems improve. That is, for pairs (F,J) in Definition 1.1 with better partitions than condition
(2), the errors become smaller upon optimization (see Section 5.2). We again emphasize that any

typical function of interest satisfies condition (2) for any closed interval J C R.

1.1. The Case of Modular Forms. Let Skj(Nj), 1 < j < n, be spaces of cusp forms of even
weights k; > 2 and levels N;. Throughout this paper, all weights are assumed to be even. For each
1 <5 <n,let {fij}lgz‘jgdj be a Hecke eigenbasis for the respective d;-dimensional space. For a

prime p { Nj, let a,(i;) denote the p-th Fourier coefficient of the form f;,. Further, denote by

2p+1) V1I-—a2
1 _1 :
T (p2 +p7)? —da?

Hy(x) := (4)

Theorem 1.2. Let n > 2 be a fized positive integer, and (F,J) a good pair in the sense of
Definition 1.1.
(i) Fiz a prime p. For each 1 < j <mn, consider Si;(N;) of dimension d; with pt Nj. We have
that for any ¢ >0, as k1 + Ny, ..., k, + N,, = o0

: ' ' ap,1(i1) apn(in)
m# 1<iy<dy,...,1<ip <dn: F pua---, pzn_nl eJ
...dy s o,

- 1ng 1—e¢
= [ rtonuanes “W*O"’F’E<<log<d1---dn>> )

(®1,sTn ) E[-1,1]7

where
tpn = tpn(Z1,...,2n) = Hp(x1) ... Hy(zp) dxy ... dzp, (5)

with Hy(z;) defined in (4).
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(ii) Fix n primes p1,...,pn and let Sg(N) be a space of dimension d with p1,...,p, 1t N. We
have that for any ¢ >0, as k+ N — oo

~#1<i<d: F “”ﬁf,.-.,apl@ €J
2p, ?

B log(p1 -+ pa) '
= / Flaroanes Mo (1) - popn () + O pe ((logd ;

2pn?
(21,0 ymn)E[—1,1]™

where each p,, is a Plancherel measure defined in (3).
Remark 1.3. Denote by ) the Lebesgue measure on R”. We note that if A(F~1(J)) > 0, then

=, 1
F(z1,....zn)€J Hpn =n L,

(3317...,@’”)6[—1,1]"
which means it is indeed the main term of part (i) in the theorem. And similarly for the main term

of part (ii). Otherwise, we get upper bounds in Theorem 1.2.

For a similar statement in the one dimensional case n = 1, we refer the reader to Theorem 4.1
in Section 4. Note that the error term in the n = 1 case is better by an exponent of €, but the
assumption on the test functions in Theorem 4.1 is stronger (see Remark 4.2). One can get a similar
error term for higher dimensions, i.e. removing the € in the power, by making the dependency in
the implied constant on n explicit (which is possible if one is more careful) and then following the
argument at the end of Section 5.3.

The same statements can be obtained when restricting only to spaces of newforms. This follows
by now using the trace formula for newforms in [37, Theorem 5] instead of the Eichler—Selberg trace
formula that gives us Lemma 4.4 and Lemma 4.5.

We remark that “asymptotic independence” as in Theorem 4.1 does not directly yield results like
those in Theorem 1.2 using probability theory, and one reason is because the error terms in the
former theorem are independent of the fixed intervals, which makes the asymptotics blow up.

We now give two immediate corollaries to the theorem above. Let 0 # A\; € R forany 1 < j <n

and n > 2, and denote by

() = H, (93/)\7')
hp,]( ) : ’)\]| (6)
and
Hp, (z/X;)
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Corollary 1.4. Fix a prime p, a positive integer n > 2, and a closed interval J C R. For each
1 < j <n, consider Si;(N;) of dimensions d; such that p{ Nj, and let \; be nonzero real numbers.

Then, for any € >0, as k1 + N1,...,kn + Np — 00

1 . -.
S # 1< <di,. 1< Sy Aj<%k(_%l>>ej
didy .. dy, lg%gn o,

log p 1-e
= ; O I I Y ,
/J ,U/p7n + JE ALy An <10g (dl . dn)>

where i, , = hy1 % ... % by p(x) dr with by j defined in (6) and * is the convolution of functions.

Consequently, assuming k1 = ... =k,, we obtain for any t € R,

1

. . . log p e
= wli<ii<d,. 1<i,<d,: Ny (i) =t S <pons a [—8P )
d1d2...dn# SN0t S Z jp,j(i5) Kn,e A, An (log( dn))

: dy---
1<j<n

(8)

Corollary 1.5. Fiz a positive integer n > 2, primes pi,...,Pn, and a closed interval J C R.
Consider S,(N) of dimension d with p1,...,pn 1t N, and let A\1,..., A, be nonzero real numbers.

Then, for any € >0, as k+ N — oo

1 . ay, (i) log(p1 - pn)\ ' °

= 1<i<d: Aj . J o= ; O " logd

d# == 1<§j;n / 2pk2;1 © /J e ( logd ,
i< j

where 1} = hp, * ... % hy (x)dx with hy, defined in (7) and * is the convolution of functions.
D1y--sPn P1 Pn Pj

P

Our main theorem provides effective equidistribution results for Hecke eigenvalues associated
with certain Langlands functorial lifts, such as endoscopic and tensor product lifts. Let f € Sk, (N1)
and g € Sk, (IN2) be newforms with trivial Nebentypus. Assume that f and ¢ are not multiples of
each other and for all p | (N7, N2), the Atkin-Lehner eigenvalues of f and g coincide. Let Y(f, g)
denote a Yoshida lift associated to the pair (f,g) (see, e.g., [43, 52]). For all p f N1 N2, the Hecke
eigenvalue \y(p) of Y(f, g) satisfies

Ay(p) = ap(f) + ap(g).

Therefore, one may apply Theorem 1.2 to the sequence (af(p),aq(p)) o and obtain the distribution
of Hecke eigenvalues of Yoshida lifts of elliptic modular forms, with effective error terms. This offers
a complementary perspective to the work of Kim, Wakatsuki, and Yamauchi on genuine Siegel
cusp forms GSp, /Q [23, Theorem 4.1]. As another example, given newforms f € Si, (N1) and
g € Sk, (N2), we denote by f ® g the tensor product lift of f and g (see, for instance, [41] for the
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existence of such lifts). Then, Theorem 1.2 can be applied with F'(X;, X2) = X1 X> to give effective
equidistribution results for Hecke eigenvalues of tensor product lifts of newforms.

Finally, we remark that our work can be used to generalize or provide vertical versions to previous
results on Fourier coefficients of modular forms satisfying certain properties when considered in
families. We mention here one example. The result in (8) extends the work of Murty and Srinivas
[38] in connection to Maeda’s conjecture, where they obtained upper bounds for the number of pairs

(f,g) of newforms in Sy(N) satisfying F'(a,(f),a,(g)) = 0 with F(X;, X2) = X; — Xo.

1.2. The Case of Elliptic Curves. Modularity establishes a one-to-one correspondence between
Q-isogeny classes of elliptic curves E : y?> = 23 + ax + b over Q of conductor N, and normalized
new

newforms fr € S5°V(N) with integer Fourier coefficients. Moreover, for each prime p, the Frobenius

trace

ap(B) =p+1—#EF,)=— > <x3+fc+b>

x mod p

coincides with the p-th Fourier coefficient a,(fr) of fr. It is well known that a,(F) satisfies the
Hasse bound |a,(E)| < 2,/p.

In this setting, joint forms of the horizontal Sato—Tate conjecture for pairs of elliptic curves
(Eq, E7) over Q, namely, the distribution of pairs (a,(E1), ap(E2)) as p varies, are known due to
Harris [21], and an effective version due to Bucur—Kedlaya [8]. However, there are very few (effective)
results concerning the distribution for (non-trivial) transformations of a,(E1) and a,(E2). To the
best of our knowledge, such considerations only appear implicitly in [7, 10].

For a prime p > 5, consider the family
Fp=A{Eqp: V=x4ar+b: abe F, and 4a3 # —27b%}

of all elliptic curves over F,,. This family has exactly p(p—1) curves. Birch [4] studied the distribution

of the normalized traces ag\(/Eﬁ) as p — oo and showed that they are equidistributed in [—1, 1] with
respect to the Sato—Tate measure. Namely, he proved, as p — oo,
1 ay(E) g
—# {E €EFp: 2 € [a, 8] C [—1,1]} N/ UST- (9)
plp—1) T2y o

He obtained this asymptotic by calculating all the moments of a,(E) over the family F,. More
precisely, he showed [4, Theorem 1]

o 2wl g ()"
p(p—1) bR, R+1\ R

INote that the moments as written in [4] require further normalization, see [34, Appendix B.
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Using the methods of Niederreiter [40] and the work of Katz [22], Banks and Shparlinski [2] made
(9) effective by obtaining an error of O(p~/4). Using a different method, Miller and Murty [34] also
obtained an effective version of (9), but with a weaker error term.

Our main theorem will be the analog of the modular forms case in this context. That is, we study

the distribution of general transformations acting on Frobenius traces of elliptic curves in F),.

Theorem 1.6. Let p be a prime, n > 2 be a positive integer, and (F,J) a good pair in the sense of
Definition 1.1. We have that for any € > 0, as p — o0

M#{El,...,Ene]:p:F(ag%),...,a;%)> eJ}

1.
:/F(m,___,xn)ej pst(x1) ... psT(Tn) + On Fe (p 1+ >
(21,e-rzn ) E[-1,1]7

For a similar statement in the one dimensional case, we refer the reader to Theorem 6.1 in
Section 6. As in the modular forms case, the error term in the n = 1 case is better by an exponent
of €, but the assumption on the test functions is stronger. Again, one can remove the € in the power
here by making the dependency in the implied constant on n explicit.

We now give an immediate corollary to Theorem 1.6. For 0 # A\; € R, for any 1 < j < n and

2
- (¢
k() = iw(f) (10)

n > 2, denote by

Corollary 1.7. Let p be a prime, n > 2 be a positive integer, and J C R be a closed interval. Let

A, ...y A be nonzero real numbers. Then, for any e >0, as p — o0
1 ay(E;) 1
pMp—1)" 52 2\/p J

where oy, = ki *x...xky(x)dr and x is the convolution of functions. Consequently, for anyt € R,

1 1
g =1yt | Er B € Y Nap(Bj) =t o Cnerer, P (11)
PP 1<5<n

The preceding theorem and corollary provide effective vertical Sato—Tate and Lang-—Trotter type
results for products of n elliptic curves. To place these results in context, recall that for an elliptic
curve E/Q, the Lang—Trotter conjecture [26] concerns the asymptotic behavior of the number of
primes p < z such that the Frobenius trace a,(E) equals a fixed integer ¢. This conjecture has since
been generalized to general types of abelian varieties A over Q by Cojocaru, Davis, Silverberg, and

Stange [13], and to products of two elliptic curves E7, E; over Q by Chen, Jones, and Serban [9],
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where they predict the asymptotic behavior for the number of primes p < x for which a,(A) =t
and a,(Eq X Ey) = ap(E1) + ap(E2) = t, respectively. From this perspective, the direct horizontal
analogue of (11) for products of n elliptic curves was studied in [14] in the special case t = 0.
Following the ideas of [15, 46, 47], we expect that these vertical asymptotic results can be leveraged
to show that horizontal Sato—Tate and Lang—Trotter conjectures hold on average for products of

elliptic curves. We plan to pursue this direction in future work.

1.3. Heuristic for the Error Term. In this section, we roughly explain where the error terms in
our theorems come from, and why they are expected. We first give a highly sketched version of the
proofs and then use it to derive heuristic predictions for the error terms. Although these arguments
are not intended to be precise, they capture the main features common to both the modular form
and elliptic curve settings. The reader may return to this section later.

We use bolded letters to denote an n-dimensional vector. Let (x;)1<i<z be an n-dimensional
sequence in the compact space X := [0,1]". Let p be a probability measure on X. If y =
G(x)dzy - -+ dxy,, we denote by fi(m) the m-th Fourier coefficient of G/(x), namely

fitm) = [ em - x)dp(x).

For m = (mq,...,my), let

Il = e .

The key ingredients in our proofs are the following.

e Step 1: n-dimensional Erdos—Turan for “u-discrepancy” and Trace Formulas

Let D*[u, (xi)1<i<r] be the p-discrepancy of the sequence (x;)1<i<r, C [0,1]", i.e.

1 .
D*[M,(Xi)lgigL]: sup *#{1§ZSL:XZ'611X~--XIn}—M(Il><"-XIn) .

Iy x--x I, C[0,1]"

For any M > 0, one can show (see Theorem 2.2)

S

* 1 1 N
Dl rhsistl €u gt D0 gp|g D el om) = film). (12)
1<]jm|[eo <M 1<i<L

In the applications to the modular form and elliptic curve settings, the length L of

n

the sequence (x;); is dy - - - dy, (or d) and p"(p — 1)", respectively, and p is either j,, (or

by (21) -+ 1y, () and psr (1) -+ psr (), respectively.
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In the modular form case, using the Eichler—Selberg trace formula, we obtain that (see

Lemma 4.5) for any € > 0,

Z e(x; -m) — Li(m)| < (my - - my)p2 Cr<isn mi) e (13)
1<i<L

whenever my, ..., m, is sufficiently large with respect to L. Applying this bound in (12),

using |m;| < M for 1 < j < n, and summing over m, we obtain

M2n—1 . p3nM/2+e

. 1
D[u, (xihr<ist] <um 57 + Ti=c

log L
logp

We then optimize by taking M ~ c(e)
reach (see (35))

with an appropriate constant c(e), and finally

log p
"logL’

In the elliptic curve case, instead of using the Eichler—Selberg trace formula, we use the

D[, (xi)1<i<r] <

formula due to Katz (see Lemma 6.4) to get

k
3 e(x;-m) — La(m)| <, L0 - [Ty, (14)
1<4i<L i=1
it my,,...,m;, # 0 with m; =0 for all ¢ # 4y,...,4; and
> elxim) - Li(m)| < L7 (15)
1<i<L

if |mZ]| =1 for all 1 < j < k. Consequently, by taking M = Li, we obtain (see (57) and
note that L = p"(p — 1))
1
D*[p, (xi)1<i<r] <p L™ 8n.

Heuristically, we expect better bounds in (13), (14), and (15). It is reasonable to expect

square root cancellation, uniformly in m (see e.g., [38, Section 4]):
> e(x;-m) — Lii(m)| = O(L'/?),
1<i<L
which yields, by taking M =< L3 in (12), that
1
D*[p, (xi)1<i<r] < L™ 20 (16)

The passage through the n-dimensional Erdés-—Turan inequality and the exponential sum
estimate, typically obtained from trace formulas, is therefore the main source of loss in the

expected error term.
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e Step 2: An Efficient Koksma—Hlawka Type Inequality
Let f be a function defined on [0, 1]™ with bounded H-K variation (refer to Section 3),

and p be an arbitrary probability measure on [0,1]". One has (see Theorem 3.3)

% > f(Xz')—/f dp| < Var (f)D*[p, (xi)1<i<t]- (17)

1<i<L
Using the work in Step 1, and certain properties of the Hardy—Krause variation, we obtain a
tractable and explicit bound for the left-hand side of (17) (this is the content of Theorem 3.5)
which we apply to our setting.
e Step 3: A Function Approximation Argument

For a good pair (F,J) in the sense of Definition 1.1, we want to bound

% > XFl(J)(Xi)_/ dp| . (18)

1<i<L P
We approximate xp-1(y) by a function of bounded Hardy-Krause variation (see Section 5)
and then use Step 2 (even basic choices of F, like F'(z,y) = x + y, can make xp-1(;) have
unbounded H-K variation, see Appendix A). This results in an extra L€ loss in the error
term. As mentioned after Theorem 1.2, it is possible to eliminate this factor by making the
implied constants on n explicit?.
The assumption on (F,J) being a good pair is necessary for the approximation to be

carried out successfully.

Therefore, combining (16) with the work in Step 2 and Step 3, the overall expected error term
for (18) is

1

OF’n(Ll_%).

1.4. Overview of the Paper. The first part of this paper is devoted to proving an Erdés—Turan
inequality for n-dimensional sequences in [0, 1] that works for generic measures p, and a general
Koksma—Hlawka inequality that works for functions of bounded Hardy—Krause (H-K) variation.
These are the contents of Theorem 2.2 and Theorem 3.5 of the paper. The former is obtained using
the work of Cochrane [12] on approximating characteristic functions in hypercubes using higher
dimensional versions of Beurling-Selberg polynomials. And the latter is obtained using the theory of
H-K variation and the work of G&tz [20] on Haar-type wavelet analysis, together with Theorem 2.2.
In the same section we also collect and prove several properties of H-K variation that we will need.

2In fact, using the recent work of Kowalski-Untrau [24], one can at least remove the e-factor from Corollary 1.4,

Corollary 1.5, Corollary 1.7, and Corollary 7.2 by viewing F'(X1,..., Xn) := 32, ., A;X; as a 1-Lipschitz function.
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In Appendix A, we show that the function that we expect to give us Corollary 1.4 is in fact not of
bounded variation in the sense of Hardy and Krause, and so it falls outside the scope of Theorem 3.5.
Therefore, a more refined approach is necessary to establish our main result. This will be the
content of the second part of the paper. In Part 2, we first prove two general joint equidistribution
results for n functions, each acting individually on Fourier coefficients of a fixed eigenform basis
(see Theorem 4.1). With this result in hand, we are then able to prove in Section 5 our main
theorem of the paper using a delicate approximation argument. More precisely, we approximate
multi-dimensional indicator functions of trigonometric level sets by appropriate functions of bounded
H-K variations with sufficiently small error terms. The last part of this paper will be about obtaining
similar results for distributions of Frobenius traces of elliptic curves modulo p. We in particular

consider two families of interest and outline how the proofs will work over those families.

Acknowledgements.
We are grateful to Andrew Granville, Valeriya Kovaleva, Yuk-Kam Lau, and Yingnan Wang for

their valuable comments and helpful discussions.

Part 1. Higher Dimensional Effective y—Equidistribution

We will start with some basic facts about multivariable Fourier analysis and uniform distribution
modulo 1. For further definitions and properties on equidistribution in any compact space, we refer
the reader to [25, Chapter 3].

In what follows, we fix the standard notations e(z) = €*™® and C(S) = {f : S — R :
f is continuous on S}.

For x = (x1,...,7,) € R" let f(x) € L*(R") be an integrable function. Its n-dimensional Fourier

transform is defined as
f(ml, ceyMy) = flz1,...,zn)e(mizy + -+ mpzy) dey . .. da,.
]Rn

If f is further periodic of period 1 (i.e. periodic of period 1 in each variable), then f can be given

as a Fourier series

flxy,. ... xp) = Z f(ml,...,mn)e(mlajl—|—---—i—mn:nn).

(ml,...7mn)€Z"

An n-dimensional sequence {(x1(i1), ..., Zn(in))} € [0, 1]™ is said to be uniformly distributed

ilr"vi’n
in [0, 1] if, for every box I = Iy x --- x I, € [0,1]" (i.e., a product of closed intervals), one has

i B S X i < X (@), wn(in) €1)
X1y, Xp—00 Xl Xn

(D),
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where A is the Lebesgue measure on R™. One can show using Weyl’s criterion [50] and the fact that
the set of trigonometric polynomials in R" is dense in C([0, 1]"), that {(z1(i1),...,zn(in))};, ;. 18
uniformly distributed in [0, 1]™ if and only if for every such box I C [0,1]" and every continuous

function f on [0, 1]", we have

hm Z f xl 21 Zn /f yla"wyn) dyl dynv
X1,0ny n—>00 |
U1 5eenin
where 3, . will denote ) ;,<x, here and throughout Part 1.

<X,
In this light, we define the following (cf. [25, Theorem 6.1 of Chapter 1 and Definition 1.1 of

Chapter 3]).

Definition 1.8. Let {(z1(i1),...,2n(in))};, be an n-dimensional sequence in [0, 1]", and let

Jeeesln,

be a probability measure on [0, 1]”. Then the sequence is said to be equidistributed in [0, 1]™ with
respect to p if for any function f € C([0,1]™), one has

lim Z f(1(in), .o (i ))=/[Ol]nf(yl,-~-,yn)u(yl,-.-,yn)-

2. A MULTI-DIMENSIONAL ERDOS-TURAN INEQUALITY FOR ARBITRARY MEASURES

For z € C, let K(z) be the Féjer kernel defined as

sin(mz)\ 2
Ko (3652
Tz
and K(0) = 1. Denote by H(z) the entire function
sgn(n 2
Z gn( )2 2,
(z—=n)? =z
neZ

H(z) = 22K(z) (

where sgn(n) = 1ifn >0, —1ifn <0and 0ifn = 0, and H(0) = 0. For an interval I = [a,b] C [0, 1],

set
1 1
Vi(z) = i(H(z—a) +H(b—=z)) and Wi(z)= 5 (K(z—a)+ K(b—=2)).
Now for z1,...,2, € C and intervals Iy, ... I, C [0,1], define the two functions
LI+1,...,ITL (21, .. H VI (2j) + Wi, (ZJ))

Jj=1
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and

n

Ly (21,0 H —TI (i, (z) + 2W3, (%)) H (Vi,(25) + Wi, (%)) -
: ]:1 :

Using the above, Cochrane [12] introduced n-dimensional versions of the Beurling-Selberg polyno-

mials. Namely, for any M = (My, ..., M,) € Z%, and x = (21,...,7,) € R", these are
Flil,...,ln,M(xh“'vxn) = Z Ljih I, (My+1)(x1+71),. ooy, (My + 1) (zp +10))
(T14eeeyTn ) EZ™

These functions are trigonometric polynomials of degrees at most M7 + - - - + M,, and are given by a

multivariable Fourier series

FIila"vInvM(xl’ A $n) = Z F;fa ] 7M(m17 ce 7mn)e(m1xl + e + mnxn)

with Flil,...,ln,M(ml’ coymy) = 0if |m;| > M; for some 1 < i < n. The main property of these two
polynomials is that they approximate characteristic functions inside the unit hypercube of R™ nicely

as (see [12, Theorem 1))

Fj_l,,,,7[n,M(X) < XIxex, (X) < FZ, ,ImM(X)’

where X7, x...x1, denotes the characteristic function of I; x --- x I,. Additionally, the polynomials
and their coefficients satisfy the following properties that we collect in Lemma 2.1 below (these
are [12, Eqn. 10] and the equation preceding it). We first introduce notation. For A the Lebesgue
measure on R, m € Z, M = (M, ..., M,) € Z%, and intervals I1,..., I, C [0, 1], define

Am(I,. .., 1) ;:jli[l <)\(I )+ 1) - f[l (A(Ij) + Mj1+ 1) 7 (19)

and

P(I;) := min (

m|m|

ML) 1 A(@-)) | (20)

Lemma 2.1. Given the notation above, we have that

‘ﬁ;;,.quMml, ceroma)| < ATy L) + T Py (1), (21)
j=1
and
/[ ] FIT,...,IW,M(X) —xn (1) ... x5, (zn)| dr1 ... dey, < Anm(Lh, ..., In). (22)
0,1]"




DISTRIBUTION LAWS FOR TRANSFORMED HECKE EIGENVALUES 15

Now for an n-dimensional sequence (z1(i1), ...,z (in)) € [0,1)" and intervals Iy,..., I, C [0,1],

define the counting function

Nll,...,ln(Xla---’Xn) = #{11 < Xl,’ig < XQ,. . .,in < Xn : (l‘l(il),. . .,l‘n(in)) e ]1 X oo X In}

(23)
Let 1 be a measure on [0, 1]™ given by
w=G(—x1,...,—xp)dry ... do,
with G an n-dimensional function having a convergent Fourier series
G(xy,...,xn) = Z Cmy,ompe(mizy + -+ mpxy).
(m17---,mn)EZ"
Note that the ¢, .. m,, are defined to be the Fourier coefficients of the function G(z1,...,z,). Since
1([0,1]™) = 1, we have that cop_. o= 1. Denote by
||| == sup |G(z1,...,2n)] (24)
(z1,...,zn)€[0,1]™
and m = (myq,...,my). We prove the following higher dimensional p-analogue of the Erdés-Turan

inequality.

Theorem 2.2. Fiz the notation as above. For any My, ..., M, € Z>1, we have that

1
N, (X, X)) = p(dy X x L) | < Ami(, - L)l
Xi...X,
- 1
2 | Amlh L)+ [T P () XX, D elmama(in) + -+ mazn(in) = Cmysma|
m=#(0,0,...,0) j=1 01,eenyin
|mq| <M,

The above theorem is very general as we didn’t impose any condition on the coefficients ¢y, ,....m.,
that define the measure. In fact, this works for any measure on [0, 1]" as long as its defining function
G(x1,...,x,) can be represented as its multi-dimensional Fourier series.

Theorem 2.2 recovers Cochrane’s result [12, Theorem 2] when p = A, the Lebesgue measure on R™.
In the special case n = 1, Theorem 2.2 recovers (with a slight improvement) [36, Theorem 8], and
generalizes and improves [27, Proposition 7.1]. For other forms of Erdds-Turdn—type inequalities on
general spaces (e.g. on manifolds or Lie groups) we refer the reader to [16], [19], and the references

therein.
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Throughout the paper, we will relax notation by interchanging between FljlE I M= FljlE 1, M. M,

and also Ay = Ay M, -

Proof. We write the proof for the case n = 2, the cases n > 2 are similar. Let {(z;,y;)}i<x C [0, 1]
J<Y
be a two dimensional sequence. We start by noting that

Z X](%)XJ(ZJ]’) - XY Z FI—t_J,Ml,MQ (ma, mQ)le,mz

<X (ml,mz)EZ2
J<Y

<D Fanon @) = XY Y0 Ffy g g (mama)em, m,

<X (m1,m2)622
<Y
n+
< Z ‘FLJ7M17M2 (ml,mQ)‘ Z e(miz; + may;) — XY Cmyms| - (25)
(m1,m2)€Z? i<X
J<Y
Now, we have
T+ _
Z FI,J,Ml,MQ (m17 m2)6m17m2 - Z Cmy ,ma / / T JM1,M2 (Q? y) ( mixr — mgy) dx dy

(m1,meo)€Z? (m1,mg)€Z2?

— / / IJM1,M2 (z,y)G(—z, —y) d$dy‘

Il [ Fiaan o)~ @] dedy st )

IN

< AM1,M2”:uH +H(I X J)7

where the last inequality follows from (22) of Lemma 2.1. This combined with (25) will give

E xr(xi)xs(y;) — XY u(l x J)
i<X
iy

< XY Ay |0l + ‘ 1,J,My My m17m2)} Z e(mizi +may;) — XY ey my| -

(ml,mz )eZ2 i<X
J<Y
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Bounding ‘ﬁ I+ T MMy (m1,m2)| using (21) of Lemma 2.1, we get the desired upper bound. For the

reverse inequality, we write

> " xr(wi)xs(y;) = XY p(I x J)
<X
J<Y

= Z xr(@i)xs(y;j) + XY <F]_,J,]\/[1,]\/[2 (z,y) — Xl(x)XJ(y)) B = XY/ FJ_,J7M17M2($7?/) 22
1<i<X [0,1] [0,1]2
1<<Y

Using the bound (22) of the Lemma 2.1, this is

> Z Fy pan (% y5) — XY Angy a0 — XY/ . Z 5ot (%, Y) Cmy mo€(—maz — may) da dy,
i£X 01 (3 ;ma)ez2
J<

which is equal to

— XY Appy a1l + Z Z Fy pan (M1, ma2)e(miz; + may;) — XY Z Fy pan am, (M1, M2) oy g

1<X (mq,mo)€Z2 (m1,ma)€Z?
J<Y

= - XYAuonllll 4 Y Frananmume) | D e(mami +may;) — XY emyms |

(m1,ma)€Z? i<X
J<Y

and now the bound (21) of Lemma 2.1 will thus imply the desired lower bound

= _XYAMI:MQHNH - Z (AM1,M2(17 J) + Py (1) Py (7)) Ze(mlxi+m2yj) — XY Cmyms|-
(m1,m2)€Z? i<X
J<Y
O

3. THE HARDY-—KRAUSE VARIATION AND AN EFFICIENT KOKSMA-HLAWKA TYPE RESULT

In this section, we will give a version of the Koksma-Hlawka inequality, stated in Theorem 3.5,
which we will apply in later sections. Roughly speaking, the classical Koksma-Hlawka inequality
gives an upper bound for the distance between the Lebesgue integral of a multi-dimensional function
and the average of the function over a sequence of points, in terms of the variation of the function
and the discrepancy of the sequence. In [20, Theorem 2.3 and Corollary 2.4], G6tz generalized
the inequality from the Lebesgue measure setting to arbitrary measures (see also [1, Theorem 1]).
Later, Brandolini et al [5] generalized the result by replacing the integration domain [0, 1] with an

arbitrary bounded Borel subset of R™. For more background on this subject, we refer the reader to

[6].
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We first introduce some notation following [20]. Let P be a partition of [0, 1]™:

0= y(-l)

i <y(-2)...<yj(-Nj):1, 1<j<n

J

Let f be a function on [0, 1]". For each 1 < j < n, define the j-th difference operator A; p on f by

Ajp(f)(@1,. .. ,$j71,y]('z),$j+1, ey Tp) =
+1 y .
f(.fUl,...,Cijl,y](-Z ),$j+1,...,xn)—f(l’l,...,xjfl,y](-z),l'jﬁ»l,.-.,$n), 1§Z§N]_1
For 1 < /¢ < n and pairwise distinct indices 1 < j1,...,j, < n, denote by

Ajlv"':jsz = Ajlvp 0...0 Ajsz
The Vitali variation of f is defined by

V(”)(f) = sup Z e Z A1 np(f)] (26)

P is a partition ; _; _ . _
of 0, 1]" 1<i1<N; -1 1<in, <Np—1

This invariant measures the total variation of the oscillation of f in a multi-dimensional setting.
However, it does not “see” fluctuations of the function on its lower-dimensional faces. (see e.g., [6,
Example 3.1.12]). This motivates the introduction of a finer notion of variation.

For a non-empty set M C {1,...,n} denote by FMM) the restriction of f by setting xj =1 for all
j & M. If for every set M, V(#M)(f(M)) is bounded, then f is said to be of bounded variation in
the sense of Hardy and Krause, and the quantity

V()= ), VI (27)
0AMC{1,....n}

is called the Hardy-Krause (H-K) variation of f. The H-K variation is a suitable notion to capture
the variations of f restricted to the faces.

We record the following properties of functions of bounded H-K variation. For a function

f1[0,1]" = R, we denote by |[flloc 1= 8Up(s, ...z )cpa]m (@1, @)l

Proposition 3.1. Let f and g be two real valued functions. Let n,m > 1.

(1) The function f is of bounded H-K variation if and only if it can written as the difference of

two completely monotonic functions.?

(2) If f,g:]0,1]" — R are of bounded H-K variation, then for any A\, Ao € R, we have

VEALS + A2g) < [M[VE(Sf) + A2V (g)-

3fn = 1, completely monotonic is equivalent to monotonic. For n > 2, see [30, Definition 2] for its definition.
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(3) Let P(f,9) == f(x1,-..,2n)9(y1, -, Ym) be a function defined on [0,1]" ™. If f and g are
of bounded H-K variation, then

VAP(f,9)) <nam [1FllocV7(9) + [lglloc V7 (£)-

Proof. (1) is [30, Theorem 3], (2) is [6, Proposition 3.3.1].
For part (3), using part (2) and [6, Proposition 3.9.6], we obtain

* #M') (o (M) #M) ( (M)
VAP 9) o [ flloe s (VIO (GO)) 4 fglloe , manc (VD7) )

Since V*(f) > maxgsyrcqi,.. n} (V(#M)(f(M))) and a similar inequality also holds for g, the desired
bound follows. g

The following lemma will be used frequently in our work in Part 2 and Part 3 of the paper.

Lemma 3.2. Let F; : [-1,1] = R and J; = [a;j,b;] be a closed interval for all 1 < j < n, and
denote by o (y) == #{x € [-1,1] : Fj(x) = y}. Let

F6n,... 8, = X FL(os@TO) -, (Fulcos(@n8n))) - if 1,60 € 0,1/2).
’ if Or,...,0, € (1/2,1]

Then V*(f) = O, (Z1§ign (vi(a;) + Oéi(bi>)>'

Proof. By part (3) of Proposition 3.1, it suffices to bound V*(x s, (Fj(cos(270;)))) for each 1 < j < n.
We set f; := x, (Fj(cos(2m0;))) and denote by P a partition of [0, 1]:

0=yM <y® <. <y =1
Then, by definition,

V() =VO() =sup D AL ™))

1<i;<N;—-1

=swp Y - £
1< <Ni—-1

=sup > | (Fjleos(2my ) — xp, (Fj(cos(2my ™))
1< <Ni—1

< aj(aj) + a;(b)),
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where we use the monotonicity of cos(276) when 6 € [0,1/2] in the last step. The bound will now

follow from part (3) of Proposition 3.1. O

Next, we introduce a result due to Gotz [20, Corollary 2.4] that we will use to prove our version of
the Koksma-Hlawka inequality. Let  and v be two probability measures defined on the n-dimensional

Euclidean space [0, 1]". We define the invariant
Dy [, v] :==sup{|u(B) —v(B)|: B=10,1]"N[0,X1) x---x[0,X,),X; >0foral 1 <j<n}, (28)

measuring the distance between p and v.

Theorem 3.3 (Gotz). Let f be a function defined on [0,1]"™ with bounded H-K variation. Let p

and v be arbitrary probability measures on [0,1]". Then

’/fdu—/fdv

We are now ready to give our version of the Koksma-Hlawka—type inequality. Given an n-

< V() Dnlu, v]-

dimensional sequence of vectors {(x1(i1),...,2n(in)) }1<i;<x; in [0,1]", which is p-equidistributed,
1<j<n
we define the p-discrepancy of the sequence as

Dn(,u) = sup Z X11><~~~><In(x1(i1)a-..,iUn(in))) _M(Il Ko X In)Xan ' (29)
IlX"‘XIng[()?l]n 115e.yin

For m = (mq,...,my) € Z" denote by

m -—
Wiioie Tii\ if myj,,...,mj, =0and m; # 0 for i # j1,..., jr.

Recall definitions and notation from Section 2, in particular, (19), (20), and (24). We will first

need the following estimates for the terms appearing in Theorem 2.2.

Lemma 3.4. For I,...,I, C[0,1]. Then for sufficiently large my, ..., my,

1 1
sup Apyomn (U1, 1) € max{ s },
Iy % %I, MMyt ( n) " |m1|+1 |mn|+1

and

sup  |Ppn,(I1) ... Py, (In)] < Pm.

I X% 1,
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Proof. We give the proof for n = 2, as the other cases follow similarly.

From (19), upon expanding the products, we see that

A1) A(I2) 3
mo+1 mi+1 (mi+1)(mg+1)

Aml,mQ (Ila 12) —

And from (20), one can bound

min (A(11),1 — A([1)) min (ﬁ AI2), 1 — A(12)> if my =0
Py, (I1) Py (I2) < < min (A(J2), 1 — M) min (ﬁ A(I1), 1 — ,\(11)> if my = 0
min (ﬁ AI2), 1 — )\(IQ)) min (ﬁ ML), 1 — /\(Il)) if my, ma % 0.

The result then follows by taking supremums over products of intervals and letting mq, mgs — co. [

Theorem 3.5. Let {(1(i1), .., %n(in)) h1<i;<x; be a p-equidistributed sequence in [0, 1]", where
w=G(—z1,...,—xy)dxy ... dx, with G afﬁf—?ﬁmensional function having a convergent Fourier
series

G(xy,...,xn) = Z Cmy,.ompe(mizy + -+ mpxy).

(ma,...,mn)EL™

Then for any function f defined on [0,1]™ of bounded H-K wvariation, and for any M, ..., M, €

Z>1, we have

. . ; el V= (f)
- X1...X <V D < Xi... X
ZE:Z fla(in), o an(in)) — X1 Xy o F o <V Dnlp) < 1 ming<jen [ 1 0 F
1y-e0yln ? =J =
. 1 . ‘
+ V*(f) Z <1+min | —|—73m> Z e(mizy(in) + ... mpan(in)) — X1 .. XnCmaoomn
m#(0,0,...,0) 1<j<n 755 i1yesin
[ma |<My
ImnlsMn
Proof. Let v be the discrete measure on [0, 1] defined by
) 1
vi= X;... X, Z 5(x1(i1)7~~-,$n(in))’
7:17-~~:in
where 6z, (i1),...zn(in)) 15 the Dirac measure at the point (z1(71),...,zn(in)). In particular, we have

VI x D) = 3 Nt @(i)s - (i)

The result then follows from Theorem 3.3 by noting that D [u,v] < ﬁDn(u), and then

appealing to Theorem 2.2 and Lemma 3.4 to bound D,,(u). O
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Part 2. Modular Forms

4. THE JOINT DISTRIBUTION CASE

The main goal of this section is to prove the following theorem. The strategy of the proof is

important, and will be used further in Section 5 and Section 6.

Theorem 4.1. Let n be a fized positive integer. For 1 < j < n let I; = [a;,b;] C [-1,1],
F;:+ [-1,1] = R, and a;(y) == #{z € [-1,1] : Fj(x) = y}. Suppose that Fj_l(Ij) is Lebesgue

measurable and aj(a;),aj(bj) < oo for all1 < j <mn, and let Cp,,. Fr, = > (aj(a;) + a;(b))).

(i) Fiz a prime p. For 1 < j <n, consider Sy, (N;) of dimension d; with p{ N;. We have that

as dy,...,d, — 00,

. . .
—— wli<ii<dy,...1<iy<d,:|F “pvlk(lfl) ..., F, “p";(f"l) el x.. xI,
dy ... d, e 20

- log p
B /Fl(ﬂﬁl)ehwv-,Fn(xn)Efn Hpan + On <CF1""’F" log(dy - -- dn)> ’

(1,yn ) E[—-1,1]7

where fu,, is the measure given in (5), and the implied constant depends only on n and can
be made explicit.
(i) Fix n primes p1,...,pn and let Sp(N) be a space of dimension d with p1,...,pn 1 N. We

have that as d — oo,

. . .
#1<i<d: | R apl,f;zl) ,...,Fn<ap7;(zl)> el x.. . xI, (31)
2p12 2pn2

log(p1 - - - pn)
- A(xl)eh,...,m(xn)efn Hin(71) - ppe () On <CF1 """ B logd )

(z1,..Tn ) E[—1,1]™

where each i, is a Plancherel measure given in (3), and the implied constant depends only

on n and can be made explicit.
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Remark 4.2. In the theorem above, let F':= (F1,...,F,) and J := I} x --- x I,,. Then the function
Xr-1(J) is of bounded H-K variation. The assumption in Theorem 1.2 is thus weaker, and covers

much more functions of interest.

Note that the formula in (30) recovers the result of Murty—Sinha [36, Theorem 2| for the case n = 1
and Fi(z) = z. In fact, by applying [36, Theorem 2] to the disjoint families S, (N1),. .., Sk, (IVn),
one can easily get a formula as in (30) for the case where Fj(z) = x for all 1 < j < n, with an error
term of size O (Zlgjgn %) . However, the error term in Theorem 4.1 is better than the latter if
min{dy,...,d,} is significantly smaller than max{dy,...,d,}. As for the formula in (31), this in
particular recovers a special case of a result of Lau-Wang [28] where Fj(z) =z for all 1 < j < n.

An interesting feature of our proof is that we do not need to know what the equidistribution

measure is beforehand. Indeed, by Theorem 2.2 and Theorem 3.5, we can recover this measure by

only studying the error terms.

4.1. Proof of Theorem 4.1. To make the exposition clearer, we will start by first proving (30) for
the case n = 2 and Fi(x) = Fy(x) = z (the case n =1 is [36, Theorem 2]), and then generalize to
any Fi, Fy, and then to any n > 2. At the end we show how proving (31) is similar.

For j € {1,2}, let 0, ;(i;) € [0, 7] be such that

o apyliy)
cos (i) = 242

QpT
Set

Mg =Y x5, (cos(B1(i1)))x1, (cos(By2(ia))).

i1<dy
i2<d2

Then the function on the left hand side of (30) equals ﬁ/\l’g. Define J; C [0, 3] by
Op.5(i5)

o S Jj <~ COS(@I,J(Z']')) (S Ij. (32)

Consider the (extended) sequence {(jze”giffl) mod 1, 1%5277(:2) mod 1)} C [0,1]?. We denote by

11,52
0p1(0 0p2(1
O (iy) = ip;(:l) mod1, 6F(iy) := ip’;(f) mod 1.
Using the definition (23), we have

NJl,J2(d17d2) = Z XJ1 (eit(il))XJ2(9§t(i2))a

11<d
i2<d2
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which by (32) equals

4Ny = Z X, (cos(2m0 (i1))) .1, (cos(2m05 (i2))). (33)
i1<dy
i2<d>

For j € {1,2}, and m; € Z, denote by

1 .
Cmj = Hm 2, 2 2 cos(m;jbp,;(i;))-
<i;j<d,
By [36, Theorem 18], we have that
1 if m; = 0,
Cm; = |"ij|/2 — 2p(‘mj1‘72)/2 if |mj| > 2 is even,
0 if |m;| > 1 is odd.

Defining cp o := 1 and ¢y my := Cm, Cm, for all (mq,ma) # (0,0), we set

G(z,y) = Z Cmymoe(Miz + may).

(m1,m2)€Z?
Note that
G(z,y) = Z Cm1e(m1x) Z Cm2e(m2y)
m1€EZ moEZ
Hence, from Section 9 of [36], it is immediate that

sin?(27x) sin?(2my)

G = 1)2 . )
p(z,y) =(+1) (p'/2 4+ p=1/2)2 — 4cos?(2nz) (p'/2 + p=1/2)2 — 4 cos?(2my)

Using these, we have the following result.

Proposition 4.3. The sequence {(0i (1), Gi(m))} is equidistributed in [0,1]? with respect to the

11,12

measure fip 2 = Gp(—01,—02) db1dby. Furthermore, the sequence {(cos(0p1(i1)),cos(0p2(i2)))},

11,82

is equidistributed in [—1,1]* with respect to the measure i, o defined in (5).

Proof. Observe that the Weyl limits satisfy

da, dz—)oo 4d1d2 Z Z m19 Zl +m20 ( ))

1<t <d2 1<igo<ds

= LZHOO 4d1d2 Z Z 2cos(m16p,1(i1))) - 2 cos(mabp2(iz)))
1<i1 <dj 1<ia<ds

. 1 ) 1 )
= Jm | 3T 2eostmibpa(i) | - | 5 D0 2cos(maba(i) | = cmim,
1<i3<dy 1<io<da
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Applying Theorem 2.2 to the sequence {(9{E (1), 9;5(12)) I

i1y’ and the measure p = fiy, 2, for any

fixed positive integers Mj, M>, and using the preceding observation, we get, upon taking the limit
as di,dy — 00, that

1
i —N — <A v, .
wim \idd, g o (diyd2) — fip2(J1 X J2)| < Angy s, (15 J2)||fip 2]|

Now, from the definition of G(61,62), we see that ||fip2|| < 1. Recalling the definition in (19)
and taking the limit as M;, My — oo, we get that Ayp o, (11,12) — 0, which proves the first
equidistribution result.

Now, making the change of variables 6; — %;(%) and noting that (cos(2m0i (i1)), cos(2m65 (i2))) =

(cos(Bp,1(i1)),cos(bp2(i2))), we obtain the second equidistribution result. O

By (33) and a change of variables, we have

1

Ny . (d1,ds) — i
1id I, 02 (d1, d2) — fip2(J1 X Jo)

b
dids

Avs— / (01, 0) fipa(01,62) . (34)
[0,1]2

where
9(01,02) = x1, (cos(2m01))x 1, (cos(2mbs)).

Now, we will use Theorem 3.5 to estimate the above error term (34). For this purpose, we first need

the following generalization of [36, Theorem 18|.

Lemma 4.4. Let 7(n) and w(n) denote the number of positive divisors of n and the number of

distinct prime divisors of n, respectively. For mime # 0, we have

Z COS(mlng(’L'l)) COS(mzep,Q (ZQ)) — dldgcmth <K
1<ii<dy

1<iza<d2
m 1 m 1
<p3212w(N1) log p™* + T(Nl)Nf) : <p3222°’(N2) log p™? + T(NQ)N22>
m 1 m 1
+dy - <p3222w(N2) log p™? + T(NQ)N22> + ds - <p3212“(N1) logp™ + T(Nl)N12> )

If ma = 0, then we have

N =

Z cos(mi0p.1(i1)) — dicm, 0| < da <p3m1/22“’(N1) log p™ + 7(N1) Ny ) ,
1<i1<dy

and a similar inequality holds for mi; = 0.
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Proof. For each 1 < j < 2, denote by Ej; := 3 1 <; <4, cos(m;b),(i;)) — ¢m;d;. Then, we have that

Z cos(mi6p1(i1)) - Z cos(mabp 2(i2)) — didacm, Cm,

1<i1<dy 1<iz<da

= FE1FEs + ciydo By + ¢y dy Bs.

Therefore, it suffices to estimate |E1 Es| + |¢m,d2E1| + |em, d1E2|. By [36, Theorem 18 and Eq (11)],
we see that E; < p*™ /29w(N;) Jog p™i +7(Nj)4/N;. This gives the following bounds for any nonzero

even integers mi, ma, [Cm, |, [cm,| < 1:

1
|em, d1Ea2| < dj - (p3m2/22w(N2) logp™* + T(N2)N22) ’

N

|y do By | < dy - <p3m1/22“<N1> log p™ + 7(N1)Ny ) :

1 1
|E1Eo| < <p3m1/22“(N1) log p™ + T(Nl)N12> . <p3m2/22“(N2) logp™2 + T(NQ)N22> .

The first statement now follows. If either m; = 0 or mgy = 0, the result is a consequence of [36, Eq

(11)]. O

Applying Theorem 3.5 with the sequence {(ch(il),ﬁgc(ig))}il iy X1 =2dy, Xo =2do, I} X I re-
placed by £J; (mod 1) x +Jy (mod 1), o = fip 2, and with f(01,02) = x1, (cos(2m61))x1,(cos(27w62)),
then by (34), we reach

< V*(f)D2(fip,2)-

4A172 — 4d1d2 /[ ]2 X1 (COS(27T91))X]2 (COS(27T92)) dﬂpg
0,1

Note that by change of variables,

Since V*(f) < 1 by Lemma 3.2, it suffices to bound Da(fip2).
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By Theorem 3.5, and Lemma 4.4, we obtain that for any M;, My € Z>1 and € > 0,

1 1
Do (1 did
2(fip,2) < di zmaX<M1+1,M2+1>+

1 1 1
Z <max < , ) + >
0<|m1|<M; [ My+ 17 My +1 mimz

O<|m2|§M2

X (]\41])31\/[1/2+6]\716 + N11/2+€) . (M2p3M2/2+6N25 + N21/2+e)]

+ Z [ (max ( 1 ! ) + ! )
O<mal <My My +1" My+1 mima
0<|m2|§M2

X (d2 (M1p3M1/2+6N16 +N11/2+e) +d (M2p3M2/2+€N2e +N21/2+e)>]

1 1 1 1/24€

Y , — ) da (Map® NS 4 NP

+ <max< 1 2+1>+ 1> o | Map 1tV
O<|m1|§M1

1 1 1 1/2+¢
, S (M 8Mz/24€NE | N, )
+ > <maX<M1+1 M2+1>+m2> LRP 2%
0<|m2|§M2

where we have used the facts that 7(N;) < Nf and 2w (Vi) « Ny for any € > 0. Because of the

symmetry between m; and mo, and since M; and M, are arbitrary, we may take M; = Ms and

denote by M the common value. Using further IV; < d;, we obtain

dids

T MM - M (ddy T+ dody ) - MMM dy 4 MM,

Dy (,ap,2) <

We now fix ¢ > 0 and choose M ~ c(e)% with an appropriate constant c¢(e) so that

didy 3, 3M

— =M Tedsds.
M b 12
This implies

log p

Do (11 didg ————.
2(fip2) < da *log(dyda)

Plugging this back in the main term, we obtain

- lo
4\ 9 — 4d1d2/ X1, (cos(2m61)) x 1, (cos(2mb2)) dfip2| <K dldgli.
[0,1]2 og(dids)

This completes the proof of (30) when Fj(x) = Fy(z) = x.
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4.1.1. The general Fy, Fy case. Now in general, for any given F}, Fb, we proceed similarly as
our discussion above but now using Theorem 3.5 with a different function. Namely, we apply
Theorem 3.5 with the sequence {(ch(il), 02i<i2>)}i1 i X1 = 2dy, X9 = 2dy, I1 X I3 replaced by +.J;

(mod 1) x +Jo (mod 1), st = fip 2, and the function

f(01,02) = x1, (F1(cos(2701))) x1, (Fa(cos(2762))).

This is possible because by Lemma 3.2, we have that

V() < sz e [-1,1]: Fi(w) = a1} + #{x € [-1,1] : Fi(z) = b1}

+#{z e [-1,1] : Fr(x) = a2} + #{z € [-1,1] : F5(z) = ba},

and by the hypothesis of Theorem 4.1, we see that the function f is thus of bounded H-K variation.
Setting as before
1 . .
AF1,F2 = 1 Z f (6?:(21)793:(22))7
1<ii<dy
1<ia<ds
we get that

ANFy py — 4didy o f(01,02) djip2

< V() Da(fip,2)-

From the work above this is

log p
10g<d1d2) '

Finally, using Proposition 4.3 will complete the proof of (30) in the case n = 2.

< CF1’F2d1d2

4.1.2. The n-dimensional case. We now show how the proof above will work similarly for any
n-dimensional case, with suitable adjustments. Recall the notation from the earlier sections and we

use _; , todenote ) ; <4, throughout this section. Let
in<dn

sin?(27x) sin?(2m,,)
G e Ip) = 1 n .. " Y
(71 zp) = (p+1) (pt/2 + p=1/2)2 — 4cos?(2mzy)  (p/2 + p=1/2)2 — dcos?(2my,)

then one can show, as in Proposition 4.3, that the sequence {(«9%E (i1)y. .- Hg(zn)) }i1 . is equidis-

tributed in [0, 1]™ with respect to the measure
fpn = fpn(01,...,0n) = Gp(—01,...,—0y,) dby,..., dbo, (36)

and the sequence {(cos(p1(i1)),...,cos(0pn(in)))} is equidistributed in [—1, 1]™ with respect

215--5tn

to the measure py,,, defined in (5).
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Therefore, as above, it suffices to bound

1
S 01, 0,) (01, 0,)].
4 /[D,l]”g( 1 ) fipn (61 )

where

A= D X1 (os(Bp,1(i1))) -+~ X1, (€08(8p,n (i) ),

7;17'~~:in

and
g(01,...,60y) == xr,(cos(2m0y)) - - - x1,, (cos(276,,)).

Again, an application of Theorem 3.5 and Lemma 3.2 will yield

‘An_dldn/ Hp,n
Iy X x 1,

What remains is to bound D, (fi,). To that end, we will need the following generalization of

<n Dn(fipn)- (37)

Lemma 4.4.

Lemma 4.5. Recall the notation in Lemma 4.4. For any 1 <r <mn, if mq,...,m, # 0, then

Z cos(mibp1(i1)...cos(mpbp (i) —di...drCm,, . m,

U1 yeenylr

1

< H <p 2 2w(N )logpma + 7(N. 2> Z Z dg, ...dy, H <p 3 2w(N )logpm’ _|_7-(N)

7j=1 k=11<b1 <<l <r NEATN A"

Proof. Inducting on n and performing the manipulations as in the proof of Lemma 4.4, one obtains

Z cos(mi60p1(i1)) - - - Z cos(mpOpr(ir)) —di...dpCmy ... Cm,

1<i1<dy 1<ir<d,
—HE +Z > Cmy Cmgdedy, [ OB
k=1 1<l <<t <r JFELY .y
The proof then follows by bounding each individual term as in the proof of Lemma 4.4. O

Similarly as in the n = 2 case, we apply Theorem 3.5, then use Lemma 4.5, along with taking
My =---=M, =M € Z>; to finally get

T

D) <n T Z ( ) (M + (log M)") [H (Mp“[*ede d}“)

j=1

r—1
22 dndy ] <Mp32M+6d§+d%+5>].

k=11<t1 <<l <n JFELL . Ly

Fixing an € > 0 and choosing M ~ ¢(n, 6)%
dy---d,

M

with an appropriate constant ¢(n, €) so that

1 3]%71

2n— +e€ e €
=, M ds - de

3t
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we obtain
_ log p
D dy - dp———"——. 38
n(ﬂp,n) <y d1 nlOg(dl . dn) ( )
Finally, the general F,..., F, case will follow similarly to what we did for the Fi, F5 case in
Section 4.1.1.
4.1.3. Proof of (31). The following result was proved in [28] .
1 . .
H#l<i<d: ) ), (39)
2p " 2pa°
log(py - - - pn)
= . O, | ————
/11><...><In o (21) - Hp, (@n) o+ On < logd '
with an explicit dependence on n in the error. Hence, from (39), we have that
log(p1 - - pn)
Define 6, € [0, 7] such that
ap. (1)
cos(fp, (1)) = pjﬂ,
2
2pj
and J; to be the subset of [0, 3] with
Op, (i) .
132]7 € Jj <= cos(0),(i)) € I;.
Now let
n .9
sin®(2mx;)
Gp17~~~7pn (331, .o ,.’L‘n) = H(p] + 1) 1/2 —1/2 J 9
j=1 (pj/ +D; / )? — 4 cos?(2mz;)
and fip,,..pn = Gpi,..po(=01,...,—0,)db0;1 ...db,. Then, by a change of variables, (39) implies that
the sequence
{ <9p (4) Op, (i)> }
2 27 1<i<d
is equidistributed in [0, 5]" with respect to the measure fip,, . ,, and
. lo .
D (fipy,...pn) <n d- M (40)

logd

4Theorem 2 of [28] is in fact written when the level N = 1, however we were informed by the authors [29] that the
theorem is now readily generalizable to any level N using the work in [37]. In particular, this follows by replacing

Lemma 3.3 of [28] with a version of Proposition 14 of [37] for products of prime powers.
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Therefore, using (40), the proof of (31) will now follow the same lines as we did in Section 4.1.1.

Namely, we apply Theorem 3.5 to the sequence { (9’“—@ e M) }1< < the measure j1 = fip,, .. p,»
_Z_

2m ) 2 ) (. VY YRR BT 1,

and the function
f(01,...,0,) = xr, (Fi(cos(2m61))) ... x1, (Fn(cos(276,,))).
5. EQUIDISTRIBUTION FOR TRANSFORMED HECKE EIGENVALUES
In this section, we will give the proof of Theorem 1.2.

5.1. The Setup. We first introduce the relevant notation of the section.

Let J = [a,b] € R be a closed interval. Let n > 1 be an integer and F' : [-1,1]" — R be any
function. Set

Dy i={(x1,...,2p) € [-1,1]" : F(21,...,2y,) € J}.
For each 1 < j <n and x :=(z1,...,2,) € [—1,1]", denote by [x]; := z; and let
ZTjmin = Inf{[x]; : x € D} and xjmax = sup{[x]; : x € D, }.
Let N; be any positive integers. Consider
Tjimin = (1) < ... <2j(Nj) = Tjmax,
a partition of the interval [ min, Zjmax]. We denote by
1) = [a(@)ayi+ D), 1<i< Ny — L.
Now consider
B = {I1(i1) X ... x In(in) : 1 <i; < Njforall 1 < j <mn,([1(i1) X ... X In(in)) N Dy # 0} .

Then B, forms a cover of D,,. Define the leftover region

Avi= |J  (Jix...xJ)\Dy,

J1X...XJnEBR

and it is useful to note that

Av= | ((hx...xJ)ND),
J1X..XJn€EBnR
J1X...X Ing Dy
where D¢ is the complement of D,, in [—1, 1]™.

We want to adapt the notation above to the setting of Theorem 1.2. In this case, our D,, is

Lebesgue measurable, and it has a fixed cover B,,. Recalling the notation from Section 4, set

Ap i=#{(i1,...,in) : 1 <i5 <djforall 1 <j<n, F(cos(bp,1(i1)),...,co8(8p;(in))) € J}. (41)
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Denote by
f(b1,...,0,) = xs(F(cos(2mwby),...,cos(2mb,,)))

and consider the extended sequence

{5, 00 =) mod 1), 1< <.

Then we have that
2"Ap =Y (07 (ir), ..., 0% (in)), (42)

ilw”vin

where we use ),

i, to denote > ; <q4, , here and throughout this section.

in<dp
We also need the following functions

h(fr,..,00) == > xu(cos(2m61)) - - x, (cos(276,,))
J1X.. X EBL

and g(61,...,0,) = f(01,...,0,) — h(01,...,60,). With this notation, observe that

g1, ..., 0n) = —xa,(01,-..,0n), (43)

where x 4, is the characteristic function of A,,. The main reason to introduce the function A is that
it will be a good approximation of f having bounded H-K variation (see Section 5.2). By part (2)
of Proposition 3.1 and Lemma 3.2, we can get the “trivial bound”:
Vi) <n Y 2<a ] N
J1 XX Jn €8y 1<j<n
However, this estimate is insufficient for our purposes. The following lemma provides a sharper

bound.

Lemma 5.1. We keep the notation as above. If (F,J) is a good pair, then the H-K variation of h
satisfies V*(h) = Onp(321<j<p Nj)-

Proof. Note that h is also the characteristic function for unions of boxes:
h(01,...,0,) = xx(cos(2mby), ..., cos(2m6,)),

where

H = U Jl X ... X Jn.
J1X...XJnEBR
By the definition of a good pair, we can find a different covering of ‘H using a smaller number of

boxes. In fact, these boxes can be constructed using the vertices of the boundary of . Therefore,
h can be written as a summation of Op(}_;< i<n Nj;) many characteristic functions of boxes. The

estimation of the variation will now follow from applying Lemma 3.2 and part (2) of Proposition 3.1.
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FIGURE 1. Illustration of Lemma 5.1 in the two dimensional case. We can use 3 red

rectangles to cover F'~1(J) rather than 23 smaller squares.

5.2. Estimating the Error term. The goal of this section is to estimate the term

S )05 2 T] [ 600 i

i1seeesin 1<j<n 101"

where iy, , is the equidistribution measure for the sequence

{(:I:ep’;(“)modl,...,:l:ap’g(zn)mo(i1>} c[0,1]"

s m

33

(44)

(45)

given in (36), and we will see later that this term is an error term. Note that this is equivalent to

estimating

Ar— ]I dj/ [0, -, 0n) fipn

1<j<n 20"

in view of (42).

Since f may not be of bounded variation (see Proposition A.1), we cannot apply Theorem 3.5

directly. The strategy is to split f into two functions, one having bounded variation and the other

being small on average.
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Applying triangle inequality, we can bound (44) by

> RO (i), ..., 05 () — 2" ] d/ h(01,. .., 00) fipm (46)

i1yemin 1<j<n 004"

+1 Y 967 (i), - -, 05 (in)) (47)

+12" ] d/ 901, ..., 0n) fipnl, (48)
1<j<n V01"

where h and g as defined in the setup of Section 5.1. Applying Theorem 3.5, Lemma 5.1, and
recalling from (38) that

ngjgn dj -logp

log (ngjgn dj>

)

we see that (46) is bounded by

On,F H1<]<n Z N logp
log <H1<]<n ]) 1<j<n

Next, by definition, (47) is equal to
2" Z XA, (cos(2m01(i1)), - -+, cos(2m0,,(in)))
which is

<2" > #{(ir,... in) s cos(2m0;(i5)) € J;, 1 < ij < dj forall 1 < j < n}.

J1X...XJnEBR
J1Xeo.X In LDy,

Since (F, J) is a good pair, the number of boxes satisfying J; x ... x J, € B, and J; x...x J, € D,
is bounded by Or(3_;<;<, N;). Thus, the above sum is bounded by

H1<j<ndj
Onr| Y. N;- ]] dj- , max </J>< X.Jn Mm) ra N )bgp

Ijsn 1<iSn ixxJn @D, N 1<j<n log<H1§j§ndj

o ds
:OnVF Zl<]<n H d + Z N ng;gn J >10gp ’

J N; 1<j<n 1<j<n log (ngjgn d;

by applying Theorem 4.1.
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Finally, we estimate (48). Using (43), and the fact that (F),.J) is a good pair implies the number
of boxes in A,, is bounded by Of <21<J<n ) we reach

on H d/ 01,...,0 /me—z H d / Hpn

1<j<n 700" 1<j<n
=2" H dj -+ pipn(A
1<j<n
o [ di- D0 Njo max A% x )
1<j<n 1<i<n gD
21<j<n Ni
<n.F H d; - M’
1<j<n Hléjén
where we recall that X is the Lebesgue measure on R", and we have used pipn(J1 X -+ X Jp,) <

A1 % - % ).

Therefore, we get

PG =) —2" [] d/ F(01,.-,00) fipn

21 yeeesln 1<j<n l]n

<nr [[ di- %1<]<nN'+ Higjends -3 Nj-logp. (49)
1<j<n 1<j<n *Vj 10g<H1<j<n J) 1<j<n

Now, choosing

1/n

log <H1gj§n dj)

Ni=...=Np~ Tog

so that the terms in (49) are asymptotically equal, we get that (44) is bounded by

1-1/n

1
Onr | di...dy 98D . (50)
log (H1§j§n dj)

5.3. Proof of part (i) of Theorem 1.2. Now we proceed to obtain the measure with which the
sequence {F'(cos(6p,1(i1)), .., cos(Opn(in)))};,
Note that

J(O1,...,0n ll,n:/ XJ(F (1, 2y N,n:/ Hpn,
/[0,1]” ( )Py [-1,1]" (B ) ko F(z1,..,zp)ed TP

(xl,...,In)E[*l,l}n

is equidistributed.
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Hence by (42) and (50), we have

Ap — H dj/F(xl,“.,mn)GJ Hp.n
1<j<n (zy,..,m0)€[-1,1]"

o | O 05 2 T s [ SO 0)

i1yeemrin 1<j<n J0A
1-1/n
logp

log <H1gj§n dj)

Finally, for each n > 2, we improve the error term by adding artificial variables. Namely, define

<<n,F d1 .. dn

the n 4 1-variable function G(x1,...,2p41) := F(21,...,2,), and choose a space Sy, , (Ny+1) whose
dimension d, 11 satisfies d,,+1 < dj ...d,. Such a space exists by the dimension formula (1).

Observe that

Ap = #{(i1,...,ing1) 1 1 <ij<djforalll <j<n+1, F(cos(Op1(i1),...,cos(6p;(in))) € J}
dn+1

~#A{, - ing1) s 1 <0y <djforall 1 < j <n+1, G(cos(0p,1(i1),...,co8(0p;(ing1))) € J}

B dn+1 ’

and

. i T 4 |
H J F(x1,....xn)€J Hpnt1 dn+1 d] F(z1,....zn)€J Hopn
1<j<n+1 (Z1,yTn,Tn41)E[—1,1]" 1<j<n (T14eeeTn)E[—1,1]7

Using what we have proved so far, we have that

log p

dn+1 AF - H dj / Fa1yan)E] Hpn <<n7G dl . dn+1
1<j<n (@1,...rzn ) E[—1,1]™ log <H1§j§n+1 dj)

Note that the dependence of the implicit constant on GG only comes from Definition 1.1. If we
replace the pair (F,J) by (G, J), then condition (1) of Definition 1.1 still holds; and by choosing

ln+1 =1 we see that the number of boxes mentioned in condition (2) remains Op(>_7_, I;). Hence,

1 1 e
ogp
dy...d, Ar = H 4 / F(ayan)el  Hom Sn.F log ([ d;
1<gsn (@, E[-1,1]" 08 \Lli<j<n @5
Now for any m > 1, one can define the n + m-variable function G(z1,...,Zn, ..., Tnim) =
F(xi1,...,x,). Similarly, we can show
1
n+m
log p

1
—— |Ap — H dj/ Hpn| Lnm,F
F(21,..n)€J ; M,
di - dn 1<j<n (a:lf.:il:c")z[—)l,1}" log (ngjgn dj)
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Hence, for any 0 < e < 1/n,
1—e¢

log p
AF B H d 1131, ,mn)GJ /"Lpﬂ’b <<n7F7€

1<j<n V(@m0 €[ 1,10 log (ngmdj)

dl

5.4. Proof of Corollary 1.4. Let A1,..., Ay € R. I F(z1,...,20) = 321 <o, Ajaj with (21, ..., 20) €
[—1,1]", then the region F~1(J) is Lebesgue measurable. Hence, Theorem 1.2 is applicable. Recalling
the definitions of H, and h, in (4) and (6) respectively, we get by induction that

/Zl<j<’ﬂ)\x]€‘] H H x])dajl /El<g<nx16‘] H %dﬂfld,ﬁn
(@1,.yzn)€[—1,1]" 1<7<n z1€[— |,\1|\>\1|] 1<j<n J
wnE[*IAnI,\AnI]

= / hpi ... % hyyn(z)de,
J

where * is the convolution of functions. Hence, the sequence

ap (% )
Z )‘ ( p’]k ]1> i1<d1 - Z /\j COS(27T9j(Zj)) 11<dy

1<j<n 2p 3 1<j<n
in<dn in<dn
is equidistributed with respect to the measure py, , 1= hp 1 *. *hpn(x)dr as dy,...,d, — oo. The
error term follows directly from Theorem 1.2.
Now we prove the second part of the statement. We note from the proof of Theorem 1.2 that the

error term does not depend on the interval J, hence for any n > 0 and 0 < ¢ < 1/n, we have

1
——#1<iy <dy,...,1<ip<dp: Noa (i) — ¢
dldg...dn# =1 =% n n 1<;n jap,i (15)

1 t t
Si# 1§i1§d1,‘..,1§in§dni E )\apd(lj =1 o1 +n
didsy ... d, 52 2p

. log p 1=e
= H + @) JALyeny An, < ) )
/[ g P TR og (dady - dn)

and the bound will follow by taking n — 0.

5.5. Proof of part (ii) of Theorem 1.2 and Corollary 1.5. The proof of part (ii) of Theorem 1.2

will follow similarly to what we did above for (45), but now working instead with the sequence

(R I
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that we saw is equidistributed in [0, 1/2]™ with the respect to the measure

Boproopn = Gpr.pn (=01, ..., —0y)dO; .. .dO,

given in Section 4.1.3, and satisfying

log(p1 -+ pn)

D”(ﬂp17~~~7pn) <n d- lOgd

From this, we get an error term of the form

0) log(p1 - pa)\ /"
e log d )

This bound can be improved by using an induction argument as before: adding artificial variables,
taking pp4+1 = ... = pn+m = 2, and inducting on m.
The proof of Corollary 1.5 will then follow from part (ii) of Theorem 1.2 likewise to what we did

in the previous section.

Part 3. Elliptic Curves

From the theory of Chebyshev polynomials, one defines for ¢ € Z>g

sin((¢ + 1))
symy () := T snd (51)
and thus has the formulae
symy(6) — sym,_,(6)
2

cos(f) = sym21(0) and cos(lf) =

s le ZZQ. (52)

6. THE FAMILY OF ALL CURVES
Recall that for a prime p > 5, we have the family
Fp={Eup:y*=2°+ax+b : a,b€F, and 4a® # —27b}
of all elliptic curves over F,, and that this family has exactly p(p — 1) elements. Recall also from

the introduction that

ap(E)
27

We will first state and prove a joint version of this result.

1 )#{Ee]-"p:

B
pp—1) € [a, 8] € [-1, 1]} = / pust +O(p~ ). (53)

Theorem 6.1. Letn be a positive integer. For1l < j <n, letI; = [a;,b;] C [-1,1], F; : [-1,1] = R,
and aj(y) = #{z € [-1,1] : Fj(z) = y}. Suppose that Fj_l(Ij) is Lebesgue measurable and
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aj(aj), aj(bj) < oo for all1 < j <mn, and let Cry, 5, = >y (aj(a;) + a;j(bs)). We have that as
p— 0

1 ay(Er) a,(Ey)
—————#SE,... B, eF: (P4 O el x---x1,
pn(p_l)n#{ 1 s n P <1<2\/]3>7 7n<2\/i) 1 X X In

= / st (1) - . - 57 () + On(Cry .1 p~ ),
I X X1

where the dependence on n in the error can be made explicit.

Remark 6.2. Similar to Theorem 4.1, such a statement, for specific choices of I, can be obtained
using the n = 1 case in (53) and the disjointness of the families. However, we will write a proof
following our framework in this paper, which demonstrates that such results can be obtained
independent of (knowing) the n = 1 case, captures the dependency on all F} in the error, and

because we will find the proof useful later.

To prove Theorem 6.1, we first start by introducing notation similar to the modular forms case
in Section 4. This notation will also be used in the proof of Theorem 1.6 in the next section. For

Eqp € Fp, let 0y(a,b) = 0,(E,p) € [0, 7] be such that

ap(Eqap)
cos(bp(a, b)) = 7172\/13 .

Let J; C [0, 1] be defined as
Op(a, b)

s

€ Jj < cos(bp(a,b)) € I,

and denote by

Op(a, b)
H;E(Emb) = H;t(a, b) = ipT mod 1.

6.1. Proof of Theorem 6.1. The proof of Theorem 6.1 will be similar to the proof of Theorem 4.1,
so our treatment will be kept brief.

Define our counting function

Apomoi= Y xn(Fi(cos(Bp(ar, b)) > X1, (Fa(cos(0p(an, bn)))).

a1,b; modp an,,byp, mod p
4a3+27b2#£0 4a3 +27b2 #£0

We will first start by finding the equidistribution measure of the sequence

{ef(El)v e ’el:j:(E”)}El,.,.,Ene]:p (54)

as p — o0.
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As in Section 4, we want to use Theorem 2.2 and Theorem 3.5 to find the right measure for
which the sequence in (54) is equidistributed and estimate the error term. The candidate measure

suggested by Theorem 2.2, which we will denote by fi,, is the one satisfying

. 1
Cmy,...,mp = plglolo W Z € (mlepi(ah bi) +---+ mne;)t(am bn)) .
a1,b; modp

4a3+27b2#£0
an,,bn, ‘mod p
4a3 +27b2 #£0

This splits into a product of separate terms

n

. 1 n
e = T [[ o 3 e (mifiE(aD)).
p—>ooj:1 2p(p 1) a,bmod p
4034276240

each of which gives an individual Sato-Tate measure. That is, setting

1
= lim ————— E 0 (a,b
i T 5 2p(p — 1) abmodp o (may &, 9).
4a3+27b%£0

we have that the normalized Sato-Tate measure (i.e. not ugy exactly, but the one corresponding to
the normalized angles (95) is G(—xz) dx where

Glz) = 2sin(rz) = 1 % (e(z) + e(~2)),

which implies that co = 1,c+1 = —1/2, and ¢,; = 0 for all |my| > 2. Thus
Crmyma...mm = CmyCmsy - - - Cimn s (55)
which gives that the candidate measure fi,, satisfies
fn = G(=z1)...G(—xp)dzy ... dz)p.

To see that this is the right measure, we follow the same logic as in the proof of Proposition 4.3.

Namely, applying Theorem 2.2 to the sequence in (54) and then using the facts that

n

1 +
Cmyymn — | | 577 E e (m;0; (a,b)) -0 as p — oo,
e ]];[1 2p(p N 1) a,bmod p ( mr )
4a3+27b%£0

and (recall definition in (19))
Any oo, (J1, oo dn) =0 as My, ..., M, — oc.

Now, it suffices to estimate the error terms coming from Theorem 2.2 and Theorem 3.5 and prove
that they are smaller than the main term. To that end, we will need the following result of Katz

22].
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Lemma 6.3 (Katz, Theorem 13.5.3 [22]). Let k > 1 be an integer and recall the definition in (51).

For a fixed prime p, we have that

(p—11)2 > symy(6p(a,b) <

Sl=

a,bmod p
4a3+27b%£0

Our coeflicients are
. 1
Cmy,.ym, = 1IN H — Z cos (2m;bp(a, b)),
a,bmod p
4a34-27b2£0
and so we want to estimate
n
E,(m1,...,my) = H Z cos (2m;bp(a, b)) —p"(p — 1)" ... s
j=1 a,bmodp

4a3+427b%£0

in view of Theorem 3.5.

Note that equation (52) together with Lemma 6.3 give for any m; > 1,

1 m;
——— > cos(m;bp(a,b)| < —L. (56)
p(p N 1) a,bmod p \/ﬁ
4a3+27b%#0
Lemma 6.4. Let k > 1 be an integer. Suppose mi,,...,m;, # 0 and m; =0 for all i #i1,..., .

Then if |m%\ > 2 for some 1 < jy < k, we have that

Ey(ma, ..., mp) <g p*" Hmzj,
and otherwise if |m;.| =1 for all 1 < j < k, we have that
on— 1
Ey(mi,...,my) < pT"7 2.

Proof. First note that from the equality in (55), we can get the exact values of ¢y, m,. For

example, for the case n = 2 we have

1 1 .
c0=1, ct1,41= T Co4+1 = C+1,0 = —5 and ¢, m, = 0 otherwise.
In general for any n, we will have ¢o._ 0 =1, ¢m,,.. = 0 if |m;,| > 2 for some 1 < iy < n, and

Cr,eoy, = ( 2,3 if all |m;| <1 for all 1 <i <n and there are exactly & indices i;, 1 < j < k, with

m;; # 0. This observation, together with (56), directly prove the first inequality of the lemma.
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Now if \mzj\ =1 for all 1 < j <k, we have that ¢, m, = (_Q}C)k # 0 and thus

1 1 b (—1)k
——FE,(m1,....,mp) = ——— cos (2m;f,(a,b)) — .
pn(p _ 1)n P( 1 ) pk(p _ 1)k JI;[1 abgdp ( J P( )) ok

4a+4+27b%#£0

Using (52) for the case ¢ = 2 for each i; factor in the product over j, we see that

k
1 1 1 p(p—1) (—1)*
WEP(WL My = m Z 9 sym(6y(a,b)) — 9 T ok
a,bmod p
4a++27b%#£0

(=1)*
2k

After expanding the k-th power, the constant terms will cancel and the biggest contribution,

using Lemma 6.3, will then come from the term
1 plp— 1)\ 1 k
k- ( 5 Z §sym(0p(a, b)) € —.

k(r _ 1)k
pE(p—1) o N/
4a3+427b%#£0

Estimating all the remaining terms using Lemma 6.3, will give the second inequality of the lemma. [

We are now ready to apply Theorem 3.5. Applying Theorem 3.5 for the sequence in (54) and the

function
g(01,...,0y) := x5, (Fi(cos(2701))) ... x1, (Fn(cos(2m6,,))),

together with Lemma 3.2, we get that for any M,..., M, € Z>1,

<n V*(9) Dn(fin)

Ap,..p, —D"(p— 1)”/ pst(z) ... psr(Tn)
Iixx I

* ni, __ 1\n 1 * 1
cv o= mx (ot beve X (e {5 ] ) 1Bl

Jj=1,...,n J=1

0<|my|<M;

0<[mn| <My,
Using this, with Lemma 6.4, and taking M; = --- = M,, = M € Z>1 because of the symmetry

between the m;’s, we arrive at
2n n 2k—1 k
~ b 2n M + M on—1 1
Dn(Mn)<<nﬁ+p ;pk’/?—i_p 2 ]_‘l‘M s

where the k-th term in the first sum comes from the case when m;,,...,m; # 0 and m; = 0 for
all j # ji,...,Jk, with |mj,| > 2 for some 1 < jo < k, and the last term comes from the case

Mgy, ..., mj, = 1 which make ¢, .. m, 7 0. We optimize by choosing M =< p/4, which implies

Dy (fin) < p*" . (57)
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Finally, Lemma 3.2 gives

n

) < Y (e(az) + a(by)),
7=1

and this will complete the proof of Theorem 6.1.

6.2. Proof of Theorem 1.6 and Corollary 1.7. The proof here follows the ideas of the proof of
Theorem 1.2, and so our treatment will be brief.

Start with a good pair (F,J). Denote the counting function by

Ap =#{E\,...,E, € Fp: F(cos(0p(Er),...,cos(0,(Ey))) € J}. (58)
For
Gla) =1 5 (ela) + ()

recall from the proof of Theorem 6.1 that the measure

fn = G(—z1)...G(—zp)dxy ... dxy

is the measure for which the sequence {Qf(El), e ,92[ (ETL)}E1 Eer
ERRREE ) P

Now recall the notations and definitions given in Section 5.1. We first want to estimate

is equidistributed as p — oc.

> f(G;t(El),...,H;t(En))—2"p”(p—1)”/ f(1,...,60) fin,

E1,...,En€Fp [0,1]”
as p — 0o, where

f(01,...,0,) = xg(F(cos(2m01),...,cos(2m0,))).

By our definition, this is the same as estimating

Ap—p"(p - 1)”/ FOrs 00 fin
[0,1]?

since
1
Ap=on D FOEE, O (Ea)).
El,...,Enefp

As in Section 5.2, it suffices to bound each of

> WOE(E),....05(Ey) — 2"  (p — 1)”/ h(B1,...,6,) jinl, (59)
En,..EneFy [0,1]™
> gOE(EY), ..., 05(E)|, (60)

Ey,...,En€Fy
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and
2 -1 [ glbi 00 (61)
[0,1]"
where h and ¢ are defined similarly as in Section 5.1.
From Theorem 6.1, we have that Dy, (jin) <, p**~/%. Therefore, (59) is bounded by
n
Onr (P45 N; |,
j=1
using Theorem 3.5 and Lemma 5.1. Now, similarly as in Section 5.2, we can bound (60) by
Our | 30 Ny, max ([ psrlopsr(en)) + 30 8
- J1X..XJn€Byn Ji XX, -
1<j<n J1X...XIn LDy " 1<j<n
= Onr p2n Zlgjgn ]]\\;j i Z N; . p2n—1/4
ngjgn JI1<<n
where we have used Theorem 6.1, and bound (61) by
0, [ Zizizn Vi
n, )
H1§j§n NJ’
where we have used that pgr(J1) X -+ X pgr(Jn) < A(J1 X -+ x Jp,) for the latter. Therefore,
> FOE(E), ... 05 (En)) - 2"p" (0 — 1)”/ F(O1,....60,) fin
Eip,...En€Fp [0,1]™
n
N
2n—1/4 ) 2 Zlﬁjén J
np P ZN] e [licj<n N;
Jj=1 SJsn
and choosing
Ny == N, =< p/*, (62)
will finally give the bound
+ + n, n n ~ sn®—nt1
ST OEED - 0EED)) -2 -0 [ FOr00) fin| <
Ey,...En€F) [0,1]™

Finally, to get a uniform improved error term for any n, we use the latter bound for functions
G(X1y oy Ty Tyt 1y -« Tngm) = F(21,...,2y,) and an induction argument on m as at the end of
Section 5.3. Therefore, the proofs of Theorem 1.6 and Corollary 1.7 will then follow similarly as to
what we did in Section 5.3 and Section 5.4.
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7. ONE PARAMETER FAMILIES
Let Eap: y? = 2%+ A(T)x + B(T) be an elliptic curve over Q(T). Its j-invariant is defined as

4A(T)3

F(T) = 1728 NG

where A(T) := 4A(T)3 + 27B(T)?, and we assume it is not constant, i.e. j(7) ¢ Q. Now for any
prime number p, and A(T), B(T') € Z[T], we specialize T' to be a t € F),, and we consider the family

Gp=1{y’ =2+ At)x + B(t): t€F, and A(t) # 0}

This family has p + O4 (1) curves. Michel [33] proved that the normalized traces of the elliptic
curves in this family are equidistributed in [—1,1] with respect to the Sato-Tate measure. In

particular, he showed

1 Cap(E) _ } N
p#{Etegp 2\/ﬁ E[a76]g[ 171] /[\aﬁ] HST

as p — oo. Miller and Murty [34] improved this result by obtaining an error term of size O(p~/4).

The following results are analogous to those of Theorem 1.6 and Corollary 1.7 for the family of

all curves F,.

Theorem 7.1. Let p be a prime, n > 2 be a positive integer, and (F,J) a good pair in the sense of

Definition 1.1. We have that for any € > 0, as p = o0

1 . ap(Er) ay(Ey)
pn#{El,...,Enegp.F< g\/ﬁ 1;\/}3 )eJ}

_1
= / F(z1,...,xn)EJ] ,U«ST(SE1) o -NST(JJn) + On,F,€ (p 4+e> _

(1317...,xn)e[—1,1}"

Corollary 7.2. Let p be a prime, n > 2 a positive integer, and J C R a closed interval. Let

A, ..., Ay be nonzero real numbers. Then, for any € > 0, as p — oo

1 ay(E;) 1
o mmens S (B cab o [ O (1),
prp—1)" 52 2/p J

where pigp,, = ki * ... x ky(z)dz with k; defined in (10) and x is the convolution of functions.

Consequently, we obtain for any t € R,

_1
#SEL.. By €0yt Y Nap(By) =t p Kperyporn P 305

P(p—1)" 1<j<n
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The setup here will be similar to that of Section 5.2. For E4 g+ € Gp, let 0,(A, B,t) € [0, 7] be
such that
ap(EA,B,t)
cos(6,(A, B,t)) = 2220
(4, B.1)) = 2

Let J; C [0, 1] be defined as
0p(A, B, 1)

€ Jj < cos(0,(A, B,t)) € I,
T

and introduce the extended sequence {9;} (A, B, t)} teF, , where
A()#0

0,(A, B,t)

G;t(A,B,t) =4 -

mod 1.

Using this setup, one can prove Theorem 7.1 and Corollary 7.2 exactly in the same way we did for
the family F,, in the preceding section, by using the following result of Michel [33] for the family G,

instead of Lemma 6.3 for F,.

Lemma 7.3 (Michel, Proposition 1.1 [33]). Let ¢, be an additive character on Fp,, and denote by

c(A) the number of complex zeros of the discriminant A(z). Then we have the following bound

;trgpsymkwp(A,B,t))wp(t) <ry@hest

A(t)#0
where 0y, = 0 if ¢y is trivial, and equals to 1 otherwise. Moreover, we may drop the additive

CA—5¢p—1

character and the restriction that A(t) # 0 in the sum, which will only affect the constant in the

inequality.

Since Lemma 7.3 gives the same bounds as those in Lemma 6.3, the error terms will not change

from the work over F,, in the preceding section.

APPENDIX A. FUNCTION WITH UNBOUNDED HARDY-KRAUSE VARIATION

The following proposition is not used directly in this paper. However, it shows that even the
simpler function arising from Corollary 1.4 fails to have bounded Hardy-Krause variation. Hence,
we cannot apply Theorem 3.5 directly. As we were unable to find a reference for this result, we

include a proof for completeness.

Proposition A.1. Let Ai, Ao be nonzero real numbers. Let J = [a,b] be a closed interval. The
function

XJ(A1 cos(2m01) + A2 cos(2mls))  if 61,02 € [0,1/2]
f(01,02) =
0 if 01,0 € (1/2,1]
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is not of bounded Hardy-Krause variation.
Proof. For any partition P of [0,1]%:

0=y;(1) <w;(2) <...<y;(N;) =1, 1<j<2,

we have
v = > > oWirriarn) + X0 (Yii) = X0 (Y1) = xo(Yisina), (63)
1<i;<N;—11<i3<N3—1
where

Yij = Arcos(2myi(i)) + Ag cos(2mya(5)), 1<i<Ni—1L1<j<Ny—L
First, assume A1 > 0 and Ay > 0. Since cos(276) is strictly decreasing when 6 € [0,1/2], we have
Yil,iQ > }/;1,i2+1)}/;1+1,i2 > Yi1+1,i2+1'

For any X > 0, we will construct a partition P that makes V) (f) > X, and thus V*(f) > X. In

fact, we will construct P such that

XJ(Yil,iQ) =1, XJ(Y;1+17i2+1) = XJ(Y7;17i2+1) = XJ(}/iH-l,iQ) =0. (64)

for < X many pairs (i1,i2) with 1 <43 < Nj and 1 <iy < No.
Note that by change of variables (61, 02) + (A cos(2m61), Aa cos(276s)), a partition P of [0, 1/2]?

has a one to one correspondence with a partition P’ of [—A1, A1] X [—A2, Ag]:
)\j:Zj(l)>Zj(2)>...>Zj(Nj):—)\j, 1< <2,
where z;(i;) = Aj cos(2my;(i;)) for all 1 <i; < Nj and j € {1,2}. Therefore, to show V*(f) > X,
it suffices to find a partition P’ such that there are < X many pairs (z1(i1), 22(i2)) satisfying
z1(i1) + 22(i2) € J,  z1(in + 1) 4+ 22(i2 + 1), 21(01) + 22(22 + 1), 21 (01 + 1) + 22(i2) € J. (65)
(5:) — (4 1 ;. . ; i ]
Assume |z;(i;) — 2zj(i; + 1)| < oy, x forall 1 <ij < Njand i€ {1,2}. Consider the region
z1+z€J
Q=1 (21,22): =\ <z1 <\ p,
—A2 <22 < Ay

and denote by

Ii(ij) = [2j(i5), 25 (i + )], 1 <4d; <Ny, j€{1,2}.
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Then, defining I;(i1) x I2(i2) for all 1 <i; < Ny and 1 < iy < N is equivalent to giving a partition
P’. We can define I;(i1) x I(i2) inductively. Starting from the (left) boundary of ©, we choose the
box Il(il) X Ig(ig) ((il,ig) S {(Nl, 1), (N1,2), (N1 —1, 1)}) such that

(21(71), 22(i2)) € Q, (21(i1 + 1), 22(i2 + 1)), (21(i1 + 1), 22(i2)), (21(41), 22(i2 + 1)) & €,
then (65) holds for the vertices of I1(i1) X I2(i2). Next, we define I (i1 — 1) x I2(i2 + 1) by taking

1
Zl(il — 1) S {Z S [—Al,)\l] 0< z— Zl(il) < 7,24-2’2(7:2 + 1) S J}
20 X

and then taking

1
2X0 X

22<i2+2) S {Z S [—/\2,)\2] = < Z—Zg(ig—i—l) < O,z+zl(i1 — 1) ¢ J}

Then all vertices of I1(i; — 1) x Iz(ia + 1) satisfies (65). See Figure 2 for an illustration of how the
boxes can be constructed inductively. By (63) and (64), we conclude that V) (f) > X.
One can proceed similarly to show V) (f) > X if one of i, Ay is less than 0. This shows V*(f)

can be arbitrarily large, and thus completes the proof of the proposition.

7 7 /
/ /
/ /
/ / /
/ /
(@), 22(i2)) /
7 /
1(iy] % L(iz) / Q
Ul 212
' /
/
\/ @D, 57+1)
21(i1+1), 22(i241)) / 7
Ii(i- 1% I / /
1= 202+
/
\ @22y g
@i 2xi+2) \ , 4 /
/
1(i-2)% i+
/
\ /

FIGURE 2. Inductively constructing the boxes {I1(i1) x I2(i2) }iyin-
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